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Hebb’s learning traces its origin in Pavlov’s classical conditioning; how-
ever, while the former has been extensively modeled in the past decades
(e.g., by the Hopfield model and countless variations on theme), as for the
latter, modeling has remained largely unaddressed so far. Furthermore, a
mathematical bridge connecting these two pillars is totally lacking. The
main difficulty toward this goal lies in the intrinsically different scales of
the information involved: Pavlov’s theory is about correlations between
concepts that are (dynamically) stored in the synaptic matrix as exem-
plified by the celebrated experiment starring a dog and a ringing bell;
conversely, Hebb’s theory is about correlations between pairs of neurons
as summarized by the famous statement that neurons that fire together
wire together. In this letter, we rely on stochastic process theory to prove
that as long as we keep neurons’ and synapses’ timescales largely split,
Pavlov’s mechanism spontaneously takes place and ultimately gives rise
to synaptic weights that recover the Hebbian kernel.

1 Introduction

The cell assembly theory, introduced in 1949 by Donald Hebb in his
milestone The Organization of Behaviour (Hebb, 1949), looks at learning
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From Pavlov Conditioning to Hebb Learning 931

processes as collective features of neurons and synapses and can be effec-
tively summarized by the famous prescription, “Neurons that fire together
wire together.” Since then, Hebb’s learning has become a prolific cornu-
copia for modeling neural networks, (Coolen et al., 2005; Nishimori, 2001).
In particular, the Hopfield model of neural network (Amit et al., 1985),
where the Hebbian scheme is implemented mathematically, constitutes a
paradigmatic model that has been attracting much attention since the mid-
1980s, following the seminal investigation by Amit et al. (1985) based on
statistical-mechanics tools. Indeed, after the breakthroughs by Parisi (1979)
and coworkers (Mézard et al., 1984, 1987) as the 1970s turned into the 1980s,
statistical mechanics of disordered systems was established as a theoreti-
cal reference where information processing capabilities of neural networks
could be fruitfully inspected. Along the way, important achievements have
been made (see Amit, 1989; Coolen et al., 2005), and now, Hebb's rule is usu-
ally the starting point when getting acquainted with (bio-inspired) neural
networks and related modeling.

Hebb’s rule did not appear out of the blue; rather, it was an enlight-
ened synthesis of decades of meticulous inspections in neurophysiology
and psychology, whose origins can be traced back to the systematic studies
of Ivan Pavlov on classical conditioning,! which greatly inspired Donald
Hebb.2 Despite this closeness, the two theories—Hebb’s learning based on
neural activity correlation and Pavlov’s learning based on conditioning by
stimuli—had quite distant fates, at least in the context of theoretical mod-
eling: the former has been by far much more represented in the mathemat-
ics and physics literature than the latter (one should still recall significant
methodological contributions to classical conditioning by Estes (1950), Hull
and Spence (Vogel et al., 2004), and modern extensions toward a generalized
conditioning by Rescorla-Wagner (1972) and Mackintosh (1975); however,
these are behavioral models rather than effective mathematical models).

We aim to provide a mathematical description of classical conditioning
(and a glance at its generalized extension), whence one could appreciate
how Pavlov implies Hebb: this bridge is the main focus of this work.? Estab-
lishing such a mathematical connection between Pavlov’s and Hebb’s theo-
ries requires a smooth interpolation from correlations at the neural level up
to correlations among concepts, thus merging neurophysiological with be-
havioral perspectives. In fact, as anticipated, Hebb’s learning rule suggests
that if two adjacent neurons are emitting spikes, in a temporally correlated

"It is worth noting that in roughly the same years, Thorndike (1911) and Twitmyer
(1905) understood the core idea behind classical conditioning, but they drew only minor
attention from the scientific community at that time.

It is reported that Boris Babkin, a student of Pavlov, spurred Donald Hebb to deepen
classical conditioning.

Inspiring ideas about this connection between Pavlov and Hebb from a modeling
perspective are due to Francesco Guerra (Agliari, Barra, Gervasi Vidal, et al., 2012; Guerra
& D’ Autilia, 1996).
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932 E. Agliari et al.

manner, the wire connecting them should be strengthened; Pavlov’s learn-
ing rule, however, connects concepts, somehow preserving the same mean-
ing: if the two stimuli are simultaneously presented for a long enough time
(e.g., for a time window larger than the characteristic synaptic timescale),
then the synapses (linking the involved neurons) rearrange in order to store
this correlation (like food presentation and bell ringing in the famous dog
example). Thus, in our framework, we ultimately need to interpolate dif-
ferent degrees of information, from simple bits managed by single neurons
(Hebb) to patterns of bits, codifying for concepts as handled by neural cir-
cuits (Pavlov).

In general, this procedure is not unique and can be achieved in countless
ways. Here we present a simple scheme whose strength is its versatility as
it can be broadly adaptable to different contexts. We think of the neurons as
the nodes of a network whose weighted links represent the synapses: the
fact that solely by assuming that neural and synaptic timescales are quite
spread apart suffices to obtain classical conditioning as a spontaneous phe-
nomenon makes this model a rather general one, not confined to neural
assemblies. This observation also suggests that large, frustrated* networks
of interacting units can exhibit computational capabilities, as typically
happens broadly in the biological world, from the intercellular level (e.g.,
lymphocyte networks within the immune system; Parisi, 1990) to the in-
tracellular level (e.g., gene regulatory networks within the cell; Osella
et al., 2011), for invertebrates (Canew et al., 1981) as well as vertebrates
(Gormezano et al., 1962), and even for prokaryotes as well as eucaryotes
(Kramar & Karen, 2021).

The letter is structured as follows. In section 2, we present the theoreti-
cal framework to embed our model (we derive a set of evolution equations
for the mean neural activities and the synaptic arrangement), and we out-
line the numerical setup of the experiments that we use to prove our claim.
In section 3, we study the related dynamics recovering classical condition-
ing for “simple” concepts” (vide infra) and show that the synaptic matrix
accounting for the Pavlov mechanism actually displays a Hebb-like shape.
Section 4 offers discussion and outlooks, and technical details and further
insights are provided in the appendixes.

2 Neural and Synaptic Dynamics Derived from Statistical Mechanics _
2.1 Theoretical Setting. We consider a network made up of N binary

neurons o; = £1 withi =1, ..., N and interacting each other through sym-
metric 2-body couplings of strength Jij withi=1,...,Nand j=1,...,N.

*With the term frustrated we mean that the nodes in the network can be cohesive but
also competitive as the links connecting them can assume both positive and negative val-
ues, as, for instance, excitatory versus inhibitory synapses in neural networks, eliciting or
suppressive cytokines in lymphocyte networks (Agliari et. al., 2013; Germain, 2001; Parisi,
1990).
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From Pavlov Conditioning to Hebb Learning 933
The space of neural configurations is denoted as Xy = {—1, +1}V, and each
configuration of the system is represented by the corresponding point o =
{01, ..., 0N} € En. We denote with the matrix J € RV*N the synaptic con-
figuration and with 7y the related space, namely, the space of symmetric
matrices with null diagonal and size N x N. We assume that the network
cost function Hy/(o, J) admits a two-body Hamilton representation:

N,N N
1 N
HN(O',]) = _E E ],‘]'O'idj —Uu E hioi, (21)
i=1

ij=1

where hi; € {—1, 0, +1} is the bias (or firing threshold in more biological terms)
acting on each neuron and u is a global amplification factor (the strength of
the bias).

Once the Hamilton function is introduced, we can equip the configura-
tion space Xy x Jy with a Boltzmann-Gibbs measure,

1
PN.ﬁ("?I) = mexp[_ﬂHN(o”])]’ (22)
where
Zng =Y, Y exp[—BHn(o.])] 2.3)
JeIn oexy

is the associated partition function and where we introduced the param-
eter B to rule its broadness, namely, the noise level affecting the neuron
dynamics. As g — 0, the distribution tends to be flat, and each neuron is
randomly oriented, while as 8 — oo, the distribution is sharply peaked at
the configurations, which minimize the Hamiltonian. Note that while in
the statistical mechanical formalization of neural networks (e.g., when per-
forming pattern recognition (Amit, 1989; Coolen et al., 2005)), the synapses
are quenched and therefore the sum over | € Jy does not appear in the def-
inition, equation 2.3, of the partition function Zy g. Here we are interested
in the coupled dynamical evolution of neurons ¢ and synapses J. As a con-
sequence, couplings can not be assumed as quenched variables, and the
partition function also has to involve the summation in the related space,
assuming the above annealed expression (Mézard et al., 1987).

Hereafter we derive the evolution equations for the expectation values
of o; and J;; over time by exploiting the master equation of their stochastic
process to show that neural dynamics driven by (coupled) external stimuli
gives rise to classical conditioning in the synaptic space and the long-term
relaxation for synapses matches the mathematical formulation of Hebb’s
learning rule.

€202 ludy 0z uo Jasn AINN STHOOW NHOT TOOJHIAIT Aq 4pd8.GL0 € 099U/EEE6.02/0€6/G/SE/PA-BI0IE/00BU/NPS W I0BIIP//:dRY WOl papeojumoq



934 E. Agliari et al.

Let wy g(0, ] — o', ]') be the transition rate between two system states
(0,])and (o', J'), and Py (0, ], t) the probability for the system to be in the
configuration (o, J) at time t. Then the master equation that describes the
evolution of the probability Py g(c, J, t) over time is

d
771\1;3(0 J.t) = Z Z Pnplo, T Hong(J' 0" — ], 0)

a'eXN ] eJIN
— Pyglo, ], yonpg(J,0 = T, a/)]. (2.4)
Under parallel dynamics (where neural activities and entries of the synaptic

matrix are updated simultaneously), the transition rate w(o’, J' — o, J) can
be factorized as

U)N,ﬁ(o'/, ], — 0, I)

]_[ ;ziiﬁh’;z ol 1_[ ~|1+oitanh| B Z]{ja]f +phi||. (@5)
j

By using the following relation,

exp(BJijojo;)

1 r 7
W = 5 [1+ tanh (Biofo7) | 2.6)

equation 2.5 can be rewritten as

wN,ﬁ(OJ!I/ — 0, I)

—1_[ [1+ tanh (BJimo/o )]H% 1+ ojtanh /SZI{]-G;—i—ﬂhi . 7

Im i j

Notice that the transition rate is thus a product of single-variable condi-
tional probabilities.

2.1.1 Neural Dynamics. We introduce the mean neural activities as

Gii=(0) =Y Y Pnplo.].t)oi, for i=1,....N, (2.8)

oEXN JeIN

and we look for the explicit dynamical equation ruling its evolution. To
this aim, we set the typical timescale for neural dynamics to be 7, and we
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From Pavlov Conditioning to Hebb Learning 935

multiply the master equation 2.4, by o;. Then we sum over all possible neu-
ral and synaptic configurations to obtain the following stochastic process:

do; / ;o
70_‘*’ Z Z oilPng(o’. ] . t)wng(J', 0" — ], 0)]

J.J €Jn 0.0'€EEN

- Z Z O'i[,PN’ﬂ(U, I$ t)u)N,ﬂ(Iv o — I,’ O'/)]. (29)

JJ€dy 0.0'€5n

We observe that, by definition,

S > wnp(o—>T.0)=1, (2.10)

0'€XN J'edn

thus,

dal

=t > Y 0Puple. ] Hunp(J. o' = J.0)

J.J €Jn 0,0'€EN

=2 D oiPuple.].b). (2.11)

JeJIn o€Xn

By using the definition of &; the previous equation turns into

dol

t—r =0+ Y, Y oPup(@ ] honp( o' > ].0),  (212)

J.J €Jn 0.0'€EEN

and by making explicit use of the transition rate, the second term of the
right-hand side of equation 2.12 reads as

Do Y aiPusle ] hong(J 6" > o) =

J.J ey o.0'eEN

Z Z oiPng(a’, T, t)l_[ +tanh ﬁ]lmal )]

J.J ey 0.0'€XN

1 4 i
1;[ 5 | 1+octanh | Xj:]kja]» + Bl | |- (2.13)
Now, since
[Tx %[1 + Jim tanh (Bo/o;,)] = 1 (2.14)

Lom Jp==1
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936 E. Agliari et al.

and
1 '
]‘[ > 5 | 1+ oxtanh ,BZ]k]-crj+ﬁhk =1, (2.15)
k#i op=%1 ]

equation 2.13 becomes

Yo Y oPusle ] Huns( o' > ], 0) =

J.J €Iy o.0'€Xn

oy Z% oi+tanh | B " Jiol+ Bl | | =
j

o'€XN J'eJy oi==%1

> > Puple’. T t)tanh [ B> Jiof+ Bl | . (2.16)

oeEN J'edy j

such that, in turn, equation 2.12 gets

as; _
‘L’E = —0;+ <tanh B Zj:]ijaj + Bh; > . (2.17)

Finally, by using the mean field approximation, equation 2.17 can be rewrit-
ten as

do; _ _
rdit' — _&,+ tanh ﬁ?(}ij)aj 1Bl . (2.18)

Note that while at the single-neuron level, neural firing is typically de-
scribed by Langevin equations (Tuckwell, 1988), at this averaged level of
description, the evolution of the mean firing rate is ruled by an ODE: the
random terms are averaged away, yet the presence of the noise g remains
such that for § — 0, neither the postsynaptic potentials nor the external
stimuli can be perceived, and the solely leakage term —4; in equation 2.18
ensures the mean firing rate to rest to zero.

2.1.2 Synaptic Dynamics. We set the typical timescale for synaptic dy-
namics as ' > 7. In order to derive the dynamical equation for evolution of
the mean synaptic weights,

Jij = (ij) = Z Z Pn.pla.]. )]ij.

oeXyN JeIn
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From Pavlov Conditioning to Hebb Learning 937

we multiply the master equation by ], and sum over all possible neural
configurations and synaptic matrices, obtaining

Friaias Z Z Jii [Png(a’. ] hons(J' 0" — T, 0)]

J.J €y 0.0'€EN

=Y > Ti[Pusle T hwnp(. 0 > T, 0)],  (2.19)

J.J €Jn 0.0'€XN
which can be rewritten as
]1] / ’
=—Ji+ Y D Puple ] Hhons( 0 > 0)ij.  (2.20)
J.J €Jn 0.0'€XN

After simple calculations very similar to those used in the previous case, we
get

]’f =—Jii+ Z Z Pu,p(a’, ], t) tanh (B) o/}, (2.21)

] eJn 0'€ETN

which, in the mean field approximation, becomes

;;] = —Ji; + tanh (B) 55 ;. (2.22)
Equations 2.18 and 2.22 form the system of coupled ODEs whose behavior
we inspect.

2.2 Experimental Setting. To see this theoretical picture at work on
the full neural network, we perform extensive simulations and, for trans-
parency, we report the discretized version of equations 2.18 and 2.22 for
numerical implementation:

N
SE\ ot
g =5 (1 - 7) +—tanh [8)" ]fj’?)a;”) +uph™ |, (223)
t ’ i#]
St\ ot
Joen = (1 - 7) +—=6"5" tanh g, (2.24)
T )

where 6t identifies the time unit for the system relaxation and n represents
the number of time steps that have elapsed (iterations), such that t = nét;
we also stressed the dependence of the fields hg") on the time step 7, since in
general, the external stimulus is presented for a limited temporal window.
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938 E. Agliari et al.

To appreciate conditioning at work and how the latter implies Hebbian
learning, we conduct a simple series of numerical experiments whose struc-
ture is preserved through the letter: starting from a network whose mem-
ory is a tabula rasa, during the first two parts of the experiment, we let
the network learn separately the first and second patterns (one pattern per
part); then, once these have been stored in the synaptic matrix, in the third
part of the experiment, we present both patterns simultaneously (for a time
window larger than the typical synaptic timescale), forcing the network to
conditioning. We expect the correlation between these patterns to be cap-
tured by the system such that later, in the fourth part of the experiment, by
presenting solely one of these patterns, the network retrieves both of them.

The core idea for proving that the mathematics underlying Palvov’s con-
ditioning is the same underlying Hebb’s learning (and, thus, that the two
are ultimately the same phenomenon on large enough timescales) is to re-
peat this experiment by enlarging the amount of information the network
has to deal with. We start with two patterns, each encoding a single bit;
thus, we are working at the single-neuron level (hence, we expect to see
that neurons that fire together wire together). Then, we let the network han-
dle two concepts; patterns are taken as vectors, each encoding O(N) bits,
in such a way that, preserving the same structure of the numerical experi-
ments, we expect to see that concepts also get correlated by this mechanism
(hence, showing that classical conditioning obeys the same mathematical
structure too).

We now report on the first numerical experiment. We take N = 2 (hence,
we work at the single-neuron level), and the stimuli presented to the neu-
rons are &' € {—1, 1} for neuron 1 and &2 € {—1, 1} for neuron 2. The field
h" inserted in equations 2.23 and 2.24 takes the form

W' = (£',0) fornel;
W = 1 :=(0,82) fornel, , (2.25)
K= (£1,€2) forn e Iz

where Z; is the time interval where the neuron i occurs to be stimulated,
whereas 73 is the time interval where both neurons occur to be stimulated.
Note that in the fourth segment of the experiments, only one pattern is pre-
sented; hence, the structure of its field is either k' or h?.

To check the alignment between the neural configuration ¢ and the
stimulus h(”), we also introduce the Mattis magnetization m®,

w o |
i

i_‘i

1

m — 0!, where Hh"Hl =22:|h}|, ie(l,2), (226
j=1

which quantifies the overlap of the neuron state ¢ with the stimulus #'.
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Figure 1: Classical conditioning on single couples of neurons: Neuron that fire
together wire together. These five panels report the evolution of the neural ac-
tivities (blue lines) through mf") with i = 1, 2 (see equation 2.26) of the stimuli
(orange lines) presented to the network, being h; = B K with i = 1,2, (see
equation 2.25) and of the synaptic matrix J;, (green line). During the first 400
time steps, the experiment crosses the first two phases, where the stimuli are
presented separately. In the third phase of the experiment, corresponding to
the next 400 steps, stimuli are simultaneously presented, and their correlation
starts to get stored in the relative coupling of the synaptic matrix (the green
curve increases from zero). As a result, in the fourth phase of the experiment
(corresponding to n > 800), while we present solely the first stimulus, both the
magnetizations m; and m, respond, confirming that classical conditioning has
successfully taken place. In this simulation, the parameters appearing in equa-
tions 2.23 and 2.24 are chosen as follows: 8 =4, N = 2, §t = 0.167, t /7' = 0.012
and u = 1. Furthermore, the duration of each stimulation is 1, = 30 stimulus is
presented for a time ¢ > v which in terms of number of iterations corresponds
to ngét > 7, and since in the simulation 8t = 0.167, n; must be > 10.

Results for the time evolution of K™, m™, and ]g) are shown in Figure 1.
Note that in the first two parts of the experiment, the two neurons are stim-
ulated separately, and each single stimulation session corresponds to an
alignment of the related neuron, while the other neuron does not exhibit any
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940 E. Agliari et al.

persistent orientation, giving rise to a null magnetization and, consistently,
the synapse [i» also remains neutral. In the third part of the experiment,
where the two neurons are simultaneously stimulated, both react accord-
ingly. This time, the synapse [, is also affected and stores its correlation (if
the external stimuli last for a time window ¢ > t’). This information is re-
tained by the system even when both fields are switched off in such a way
that when only one neuron is stimulated (in the fourth part of the experi-
ment), the second one also reacts. The system has therefore learned to relate
the stimuli: solely the presence of one pattern, out of the two, is sufficient
to prompt the retrieval of both &' and £2.

3 From Pavlov’s Classical Conditioning to Hebb’s Learning

Once Pavlov’s conditioning at the single-synapse level is understood, we
repeat our experimental protocol by enlarging the information the network
has to cope with: we move from two stimuli made of simple bits toward two
stimuli made of concepts as represented by patterns whose length is O(N)
bits, therefore employing a large number of neurons and synapses. Clearly,
here we are performing a very simplistic assumption by identifying a con-
cept with a generic pattern of information; however, as these patterns can
effectively code for thoughts, images, objects (e.g., the food and the bell in
Pavlov’s celebrated experiments on dog salivation), and so on, this working
assumption is actually very versatile.

The simplest path to move from Pavlov to Hebb consists of consid-
ering two stimuli affecting different neural areas as standard in classical
conditioning. This will be the first scenario addressed in section 3.1; in sec-
tion 3.2, we generalize this setting by considering several stimuli at once
toward modern versions of generalized conditioning like those studied by
Rescorla-Wagner (1972) and Mackintosh (1975). Next, in section 3.3, we
show that the long-time limit of the synaptic matrix subjected to different
stimuli displays a Hebbian structure. Finally, in section 3.4, we speculate on
phenomena like obsessions and unlearning (Benedetti et al., 2022; Fachechi
et. al.,, 2019; Hopfield et al., 1983; Marinari, 2019).

3.1 Emergence of Concept’s Correlations by Classical Conditioning.
We preserve the schedule of the numerical experiment. In the first two parts
of the experiment, to make the network learn two uncorrelated patterns,
we present them separately (one pattern per part), checking the absence of
mutual correlations (when we re-present one of them after learning, solely
that pattern is retrieved, as expected in Hebb’s learning). Then, in the third
phase, we present both patterns simultaneously and persistently for a time
window larger than the synaptic timescale. To inspect how these patterns
get correlated within the synaptic matrix, in the fourth part of the experi-
ment, by presenting solely one of them, we check that the network actually
retrieves both of them, confirming Pavlov’s conditioning successfully.
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From Pavlov Conditioning to Hebb Learning 941

We start by introducing two stimuli ' and & as two vectors (whose
length is O(N) bits) to be applied to the system. We choose a particular
structure for stimuli that follows from the original Pavlov setting, where
stimuli come by different senses involving different neural regions in the
brain (e.g., visual for the food and acoustic for the ringing bell). Thus, we
assume that the two stimuli involve different neurons, and in the simplest
setting, both concepts to learn involve exactly N/2 neurons.® Specifically, &'
and &° are arranged as

slz(sf,sg,...,glﬁ,o,o,...,o), 3.1)
2

£ = (o, 0,...,0, g§+l,g§+z,...,g§]). (3.2)
Note that now, £ € {—1, 0, +1}V.

The fields stemming from these stimuli that are inserted in equations 2.23
and 2.24 read as

(1) ; (1)
o L if &7 =1 33)
! U[—1,+1] otherwise
with
£ g for ne; 54)
B g fornel, .

where Z,, with i = 1, 2 represents the time interval where the stimulus &" is
active and U[—1, 4+1] is a uniform random variable supplying noise when
no information is present. This mimics that in the absence of stimuli, the
neurons are still receptive, but they experience just noise, uniformly dis-
tributed over the same amplitude ruled by g when information is present
(see equations 2.18 and 2.22).

As anticipated, in the early learning stage, we present to the network
these patterns separately in the form prescribed in equation 3.3 until these
are learned. At the end of this trivial exercise, the resulting synaptic matrix
of the network convergences to a modular Hebbian network (Agliari et al.,
2014; Sollich et al., 2014), whose blocks share the same size % X % and the
off-diagonal blocks are null:

Lo 1 (TH0
ﬂ@,sn—2x<0 ﬁ>, (35)

*The general case of patterns of arbitrary length is deepened in appendix B.
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Figure 2: Evolution of the synaptic matrix when two stimuli encoding concepts
are involved. In the first three panels (for n < 10°), the synaptic matrix evolves
while storing the single patterns (pure learning mode of single stimuli) while
the last three images (for n > 10°) show how classical conditioning forces the
off-diagonal blocks to have non-null entries accounting for the Pavlovian cor-
relation among concepts. These results are obtained by setting the parameters
in equations 2.23 and 2.24 as follows: N = 200, 8 = 10, t /v’ = 0.012, 8t = 0.107
and the strength of the stimuli is # = 200.

namely,

g€l (i j)eB
X g}g]? (i, ) € B, (3.6)
0 (17 ])V(]v 1) EBmixs

(& &) =

N

where B; = [1,N/2] x [1,N/2], B, = [N/2+1,N] x [N/2+1,N], and
Buix = [1,N/2] x [N/2 + 1, N] (see the left panels of Figure 2). In order to
understand why we expect the synaptic matrix to converge precisely to the
structure coded in equation 3.6, we use the result obtained in section A.2. At
the end of the training, the synaptic matrix converges to the temporal mean
of the stimuli J;;(t) = % fot hi(z)h(z)dz, plus a fluctuation at depends on the
noise and the ratio 7 /7’ (see equation A.11). There are now two fields given
as stimuli with equal frequency during the stimulation sessions (i.e., "<
and h"<™)). Thus, the temporal mean of the stimuli is equal to § Y"¢_, £F¢%,
which corresponds to equation 3.6.

As for the off-diagonal blocks, since there are no correlations among the
related neurons, they contain no information. Next, we present both stimuli
simultaneously: the overall stimulation provided to the network is

ER =g+ 8 =5 6.8 .8, ... &), (37)

and it is retained long enough to allow synapses to be plastic. The resulting
synaptic matrix converges to

Il Imix
=" : 3.8
JE2) (Im“ 12> (38)
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Figure 3: Evolution of the overlaps g, gmix Versus the simulation time steps
n. On the left side of the plot (white background), the two stimuli are presented
separately and alternately to the network (each stimulus is presented consecu-
tively for n; = 300 iterations), whereas on the right side of the plot (gray back-
ground) the two stimuli are jointly presented. Note that on the left side of the
plot (for n < 10°), only standard learning of patterns takes place; instead, on the
right side of the plot (for n > 10°) classical conditioning takes place too. The
parameters of the simulation are the same as in Figure 2.

namely,6
Eiléjl (1s ]) S Bl
§262 (i, j) € By

5115]2 (1» ]) € Bmix
E]IEZZ (], l) € Bmix'

Jii (') = (3.9)

In order to corroborate this picture numerically, we inspect the overlap
between the blocks of the matrix J(£!?) and the time-dependent blocks of
the matrix J® emerging from our numerical experiment. To this purpose,
we introduce the (planted) overlaps

(m)
. Z l] EBk]]]z] () ._ Z (1, 7)€Bmix ]mlx if
dlag - ZI Imix = Z(l mix 7 mix
,m)e

m)eBy lm]lm Bmix /Im Im

(3.10)

Their evolution versus time is represented in Figure 3. As long as the two
concepts (&' and &%) are presented separately (white background), only the

*Note that the 1 /2 factor is no longer present (see, e.g., equation A.4). This is because
only one pattern is given as stimulus (in the form £*2), and the network learns only this
one.
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Figure 4: Stylized representation of the classical conditioning within the neural
network. Before conditioning (left panel), the whole system, which has already
learned the two patterns &' and &, is split into two cliques (blue and green sub-
families of neurons, respectively): half of the neurons account for the pattern §1
and half of the neurons account for pattern &*. Accordingly, the synaptic matrix
is naturally split into four blocks: J M (accounting for the pattern &) and J? (ac-
counting for the pattern £%) are the intrafamily connections storing information
on the single patterns, while the two off-diagonal blocks J™* connect neurons
of different subfamilies. Their synapses grow solely when driven by classical
conditioning and result in a fully connected network, the Hopfield model (Hop-
field, 1982) (right panel).

synaptic blocks related to the single stimuli increase (i.e., blocks J' and J?),
and, accordingly, q4is saturates to 1/2. On the other hand, while the two

concepts are presented simultaneously (&' + &, gray background), all four
synaptic blocks are increasing, and both ggj.g and gmix saturate to one. Other-
wise stated, the presentation of £ "2 implies classical conditioning among &'
and &” (as evidenced by the growth of gmix), and the synaptic matrix reaches
the form given by equation 3.9. In Figure 2, we show the evolution of the
synaptic matrix as the experiment flows: while the diagonal blocks increase
from zero when stimuli are individually presented (see the left panels), the
off-diagonal blocks increase from zero just when both stimuli are simulta-
neously presented (see the right panels), and eventually all the entries in the
matrix take values %1. Finally, Figure 4 provides a qualitative description
of the conditioning phenomenon at the network’s level.

The scenario just described is preserved in the case of patterns involving
a different number of neurons, say, pN for gand (1- p)N for &%, with pe
(0, 1), as discussed in section A.1.

To conclude, we have shown how classical conditioning naturally ex-
tends from single couples of neurons up to the case of assemblies of neurons
(see Figure 5). To verify this universality of the Pavlovian mechanism, it is
instructive to compare Figure 1 (obtained with single bits of information
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Figure 5: Classical conditioning among patterns, involving cliques of neurons.
Panels 1 and 3 report the evolution of the neural activities through m?") (whose
definition is a direct generalization of equation 2.26), panels 2 and 4 report the
values of the stimuli presented to the network through /1, », and panels 5 and 6
report the evolution of the blocks of the synaptic matrix J through || Jix ||1 and
[[45s | ;- During the first 400 iterations, the stimuli are presented separately, and
|| Jdiag “1 increase from zero. In the next 400 iterations, the stimuli are simulta-
neously presented to the network and also H]mix”1 increases from zero. As a
result when, at n = 850, we present solely the first stimulus, both the magne-
tization m,; and m, respond, providing Pavlov’s mechanism at the level of ex-
tended patterns. The parameters used for this simulation, which were inserted
equations 2.23 and 2.24, are the following: N =20, 8 =4, u =1, t/7’ = 0.0004,
and 8t = 0.167.

and resulting in the Hebbian prescription that neurons that fire together
wire together, as confirmed by its last line) with Figure 5 (obtained with
entire patterns of information, that is, concept, and giving rise to Pavlov’s
classical conditioning, as well as to a synaptic matrix that obeys the Heb-
bian prescription).

3.2 Generalized Conditioning: Integrating Multiple Signals at Once.
In this section, we move from the original Pavlovian setting, where only two
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Figure 6: Evolution of the synaptic matrix under general conditioning: Sym-
metric case. For n <2000 solely one pattern per time is presented, and the
synaptic matrix converges to a block matrix where solely the single patterns
g &%, £, &* have been stored. For n > 20,000 generalized conditioning takes
place as the stimuli are now presented simultaneously in couples, in the form
& + £ or £ + £*, and the network correctly stores the correlations among the
relative stimuli. The parameters used for the simulation (to be inserted in equa-
tions 2.23 and 2.24) are N = 200, 8 = 10, t /v’ = 0.005, 6t = 0.17, and the strength
of the stimuli is # = 200.

stimuli are involved, toward more challenging cases where larger numbers
of stimuli are involved at once (Mackintosh, 1975; Rescorla & Wagner, 1972).

In particular we generalize the Pavlovian scheme to account for the fol-
lowing four patterns:

§1=(S%,éz},...,51%,0,0,...,0), (3.11)
£ = (0,0,...,0,s§+l,...,gé,o,o,...,o), (3.12)
£= (00,08 00 8,0,0,...,0), (3.13)
§4=(0,0,...,0,5;*TN+1,...,5§). (3.14)

As in the previous section, the patterns have no overlap (§* - & = 0if u #
v), and each of them stimulates the same number of neurons, in this case,
Ny/4 for of simplicity. The fields inserted in equations 2.23 and 2.24 and stem-
ming from these stimuli read as equation 3.3, where, in this experiment,
W =g ifneT,, foru=1,234

The training session is scheduled analogous to the ones outlined in the
previous section for classical conditioning, as we briefly recall. First, the pat-
terns are presented and learned separately (and J exhibits a block shape
where only diagonal blocks are non-null); next, we present two or more
of them simultaneously (phase 3), and finally we check that here, the non-
null diagonal blocks of J® mirror the combination of patterns presented
(phase 4; see Figures 6 and 7). Note that in this case, we have the freedom
to group patterns to be presented simultaneously, and here we consider the
case where they are presented in couples like [y N N Ry S
(see Figure 6) and the case where they are presented in two inhomogeneous
groups, like 1213 = &' - & 1 £, £* (see Figure 7).
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Figure 7: Evolution of the synaptic matrix under general conditioning: Asym-
metric case. For n < 20,000 solely one pattern per time is presented and the ma-
trix converges to a block matrix where only the single patterns &', &, £, &* have
been stored. For n > 20,000 generalized conditioning takes place as the stimuli
are now presented simultaneously in couples, in the form £ +&+8and, sep-
arately, &%, and the network correctly stores the correlations among the relative
three stimuli that are jointly presented (hence the relative off-diagonal blocks
are increased). The parameters of the simulation are the same as in Figure 6.

3.3 Convergence of the Synaptic Dynamics to the Hebbian Matrix.
Up to now we have dealt with a relatively small number of patterns, each
involving a subset of the neurons making up the system. In this section, we
directly consider patterns that involve the whole set of neurons. They occur
as &' = (g, ..., &), withu =1,..., K, where K can be very large, possibly
scaling with the volume N. We define, storage capacity of the network as the
quantity « = K/N (Amit et al., 1985).

We are going to prove that as long as pattern entries are Rademacher,
that is,

1
PE' =+ =5 Vi=l..Nandp=1..K

if we randomly choose one of the K patterns to stimulate the network at
each iteration (and the noise is sufficiently low g > 1 and the neural and
synaptic timescales are well split (i.e., their ratio is low /7" « 1), the long-
term limit of the evolution provided by equations 2.23 and 2.24 generates
the celebrated Hebbian matrix,

K
1 .
ﬁM:Rqu. (3.15)

n=1

Thus, AGS statistical mechanical theory is asymptotically recovered as it
should. To be more precise, in section A.2 we demonstrate that at the end
of the training, the synaptic matrix converges to the temporal mean of the
stored patterns plus a fluctuation (vanishing in the limit § — coand r /7" —
0). Since in these simulations, at each time step 7, the stimulus can be £ with
probability 1/K, the temporal mean of the stored patterns coincides with
the Hebbian prescription for the synaptic matrix as given in equation 3.15.
For simplicity, we set §t = 7 in equations 2.23 and 2.24. This means that the
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neurons align themselves with the stimulus instantly so we do not need to
present the same stimulus for several iterations (one iteration is sufficient to
produce the alignment of the neurons).” The learning procedure thus con-
sists of presenting these K patterns as external stimuli to the network. To do
this, we randomly choose one of the patterns, say, &, and set the external
field to h = &”" for a single evolution step. This procedure is repeated as the
time t goes by. In Figure 8, we reported the distance ||J® — JH)||. com-

puted according to the Frobenius norm [|A||r := ./ % Zf\]{zl A?j, between the

coupling matrix J resulting at each time step 1 and the Hebbian kernel
JHe) determined by equation 3.15. Different values of the ratio /7’ (panel
a), of the parameters « = K/N (panel b), N (panel c), and 8 (panel d) are
considered and compared. Remarkably, if the noise is low enough (8 > 1)
and if the ratio v/7’ is low enough, the dynamics of the synaptic matrix
converges to the Hebbian kernel. In fact, there is always a reconstruction
error of the Hebbian kernel, and ||J® — JH) || has an asymptotic value
that in general is different from zero and depends on /7’ and g (see pan-
els a to d). In section A.2, we study the fluctuations of the coupling matrix
J™ resulting from this dynamics around the Hebbian fixed point given in
equation 3.15. We find that in the case that 8 > 1 the fluctuation is vanish-
ing like (z/ )2 (see equation A.17) and perfectly reproduces the asymp-
totic behavior of the Frobenius norm of the difference between the synaptic
matrix and the corresponding Hebbian kernel (see panel a, dashed line),
whereas if 8 ~ 1, we also have to take into account the contribution of the
fast noise to the fluctuations around the Hebbian kernel. This is given by
a more general formula (see equation A.18), but also in this case, we have
a perfect agreement between the theoretical estimations and the numerical
simulations (panel d, dashed line). Finally, in panels b and ¢, we observe
that the fluctuations around the Hebbian kernel do not depend on the size
of the system N or on the storage capacity @ = K/N as expected from the
theoretical estimation. This implies that the learning algorithm is robust in
performing the storage of the patterns in the synaptic matrix. Moreover, for
values of the storage capacity larger than o, ~ 0.14, the magnetization no
longer saturates to one, in agreement with the statistical mechanical limit-
ing description of the blackout catastrophe provided by AGS theory (Amit
et al., 1985; see Figure 9).

3.4 Persistent Retrieval, Obsessions, and Unlearning. The dynami-
cal process depicted so far involves both neurons and synapses, and it al-
lowed us to highlight structural similarities between Pavlov’s and Hebb’s

"In section 3 we set 8t = ct with c € (0, 1) because we wanted to observe the neural
reaction to an external stimulus and appreciate the transient effects of the presence of an
appropriate timescale for neurons (see Figure 1). Now we focus only on the dynamics of
the synaptic matrix, hence the decision to set c = 1.
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Figure 8: Generalized conditioning: Convergence to the Hebbian kernel. Re-
sults of the synaptic dynamics for various setting of the external parameters.
The curves refer to the Frobenius norm of the difference between the evolving
synaptic matrix and the corresponding limiting Hebbian kernel as a function
of the simulation time. In panel a, we fix the network size N = 150, the stor-
age capacity o = 0.05, and the thermal noise level g = 100 and vary the ratio
7/t =1072,107% and 10~*. In panel b, we fix the network size N = 200 and the
ratio 7/t = 1072 and vary the storage capacity « = 0.01, 0.03, 0.06, 0.12, 0.24.
In panel ¢, we fix the storage capacity & = 0.06 and the ratio 7/t" = 107% and
vary N = 50, 100, 200, 400, 800. In panel d, we fix the network size N = 150, the
storage capacity o = 0.05, and the ratio t/t’ = 10~ and vary the thermal noise
B =0.5,1,2, 4. The horizontal dashed lines correspond to the theoretical esti-
mate according to equation A.18. Each pattern is presented to the network as
external field, the duration of the stimulus being restricted to a single time step.
The pattern is selected with uniform probability in the index set {1, ..., K} and
the procedure is repeated for 2 - 10* evolution steps. Moreover in all the simu-
lations the strength of the stimuli is equal to u = 200.

representations of learning. Remarkably, the interplay between neuron and
synapse dynamics can give rise to interesting phenomena that cannot be
captured by a statistical mechanics approach where the latter are quenched
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Figure 9: Hebbian-like retrieval capabilities of the network after training. For
each of the K patterns stored in the network, we generate M = 100 noisy ver-
sions of them by flipping randomly a percentage of bits equal to - x 100 with
r € (0, 1]. Then we let the system evolve for five iterations with the dynamics
prescribed by equation 2.18, in the absence of stimuli #; = 0 and at quenched
synaptic matrix J. m, = & 3" ¢fin . £ /N between the M final neural config-
urations o™ and the pattern p. We repeat this algorithm for all the patterns,
and we average over the values of m, obtained: (m) = % Zizl m,,. The param-
eters of the simulations are N = 150 and B = 100. Note that for « > o, ~ 0.14
the magnetization does not saturate any longer to one, in agreement with AGS
theory (Amit et al., 1985).

(Amit, 1989; Coolen et al., 2005). Specifically, here we show that if the
network gets stuck in retrieving persistently the same pattern (i.e., an ob-
session), each retrieval reinforces the same minimum in the memory land-
scape up to the point that the latter destroys all the other memories, and
only the obsessive pattern remains stored. Note that this peculiarity of clas-
sical conditioning can be seen as a sort of (unwanted) unlearning procedure
(Fachechi et. al., 2019).

In Figure 10, we report results of the following numerical experiment
to confirm such a scenario. Starting from a perfect Hebbian kernel JHe?),
we always let the nework retrieve the first pattern (i.e., the field is persis-
tently h = &), and we evaluate the evolution of both ||[J® — JHe®)| . and
17 — J*=D|g, where ]l(]“ =D = Siléjl. Remarkably, in the long time limit,
the synaptic matrix collapses onto &' (lim,_. J®™ = J®#=1), while [[J® —
JUHERD)) s 1 — % as expected.

It is worth stressing that in classical learning theories via statistical me-
chanics, pattern recognition cannot alter the memory landscape, but this is
not the case here. This phenomenon can also be seen as a technique for for-

getting alternatives to pruning (Blalock et al., 2020) or dreaming (Fachechi
et. al., 2019) mechanisms.
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Figure 10: Persistent retrieval of the same pattern as natural memory erasure.
The evolution of the Frobenius norms ||[J® — J# ||z and ||J® — J*=!||r when the
first pattern is persistently retrieved proves that after enough time, the whole
memory reduces to the first pattern, all the others being erased by this persis-
tence, making the network hooked. The simulation reported in the plot has been
carried by keeping t/t" = 1072, & = 0.03, g = 10°, N = 500; the black dashed

line corresponds to the theoretical estimate /1 — + ~ 0.96.

4 Conclusion

Although this research has been carried out mainly to fill a historical gap
in modeling information processing by neural networks, namely, to show
how Pavlov’s theory on conditioning ultimately implies Hebbian learning,
several observations of general interest can still be drawn.

First, we notice that the emergence of Palvov’s mechanism from a two
timescale dynamics and its convergence, in the long term limit, to Hebb’s
synaptic matrix was a (somehow expected but missing) bridge between
multiscale stochastic processes and statistical mechanics of neural net-
works. The generality of the underlying framework suggests that this kind
of information processing mechanisms is quite spread out in nature and not
confined within the neural world.

Moreover, by the perspective outlined in this letter, there is no excita-
tory or inhibitory learning. Rather, there is just statistical learning: patterns
with positive correlations would be reciprocally excitatory and vice versa
for anticorrelated patterns, but the whole process of learning is entirely and
solely statistically driven. At this level of modeling, we do not distinguish
between primary and secondary stimuli; each pattern plays as a conditioner
for each other as long as we work in a random setting.

Further, the way classical conditioning can take place is by presenting
two stimuli acting on different areas (i.e., on different sets of neurons), and
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then correlations among the stimuli will result in the growth of synapses
connecting these (previously uncorrelated) neurons or cliques of neurons.
This nicely fits our framework inspired by recently introduced multitasking
networks able to deal with partially blank pattern entries (Agliari, Barra,
Galluzzi, et al., 2012; Agliari et al., 2014; Sollich et al., 2014).

Finally, as Pavlov’s learning rule is intrinsically dynamical, there are phe-
nomena that it describes but cannot be captured by a statistical mechanical
picture of Hebbian learning. By the latter (e.g., in the Hopfield model), pat-
terns have their stable basins of attraction, and these are static if no fur-
ther storing takes place (namely, the network can retrieve persistently the
same pattern, and this operation does not alter the landscape where stored
memories lie); solely learning new patterns alters the memory landscape.
Conversely, from Pavlov’s perspective, retrieval (of one pattern) affects the
amplitude and stability of (all the) minima and retrieving persistently the
same pattern makes its basin of attraction more and more pronounced, to
the detriment of the other pattern’s basins up to the point that by constantly
retrieving the same pattern (modeling obsessions), the whole memory col-
lapses to solely that information. Thus, forgetting within the Pavlov scheme
can be achieved without network pruning (Blalock et al., 2020; Molchanov
et al.,, 2019) or removal by sleeping-induced mechanisms (Aquaro et al.,
2022; Fachechi et. al., 2019).

Appendix

A.1 Classical Conditioning for Patterns of Different Lengths. We
keep the assumption that we deal solely with two signals (the latter will
be removed later in this section), but we relax the constraint that the length
(in bits) of the patterns has to be the same for & and €. In general, patterns
can be arranged such that

g = (511,521,...,g}vp,o,o,...,o), (A1)
£ (0, o,...,o,sfvpﬂ,g]%pﬂ,...,sﬁ,), (A2)

where p € (0, 1), and thus we question if, in this generalized setting, classi-
cal conditioning is preserved.

Once having presented them separately to the network (as prescribed in
equation 3.3) and after enough persistence (for long enough learning dy-
namics such that they can be stored), the resulting synaptic matrix reads
as

gle! (i )) € By
x | &767 (i.]) € B2 (A3)
0 (i, j) V (], 1) € Bnixs

(& &) =

N =

d-a]011B/008U/NPa )W }08.IP//:dNY WOol) papeojumoq

B 008U/€€€6/02/0€6/S/SE/HP
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Figure 11: Evolution of the synaptic matrix J. While n < 10,000, only single pat-
terns are presented, while and n > 10,000, the stimulus is presented in the form
£ = &' + £ and relative conditioning takes place. We can appreciate that in
the first part of the experiment, off-diagonal blocks stay null, while they start to
increase as the concepts are simultaneously presented and conditioning starts.
In this simulation p = 0.8 and the other parameters are the same as Figure 3.

where B; = [1, pN] x [1, pN], B, = [pN + 1, N| x [pN + 1, N], and B, =
[1, pN] x [pN + 1, N]. Thus, as expected, J({&', &}) is still a block matrix,
but it has obviously a rectangular shape now,

Lan 1 (TN 0
I({é,s})—2x<0 Iz>’ (A4)

where J' € RNPXNP J2 ¢ RNU=p)xN(U-p) g ¢ RNI-P)*NP_ Ag it can be appre-
ciated by a glance at Figure 11, classical conditioning is robust against this
kind of perturbation: this is remarkable because it states that no matter the
information content of a pattern, it can still be a conditioner. Moreover, the
behavior of the overlaps qgiag, gmix versus the time step turns out to be ex-
actly the same as that of Figure 3.

A.2 Analytical Estimate of Fluctuations around the Hebbian Fixed
Point. In this section, we quantify the fluctuations of the coupling matrix J,
resulting from the Langevin dynamics with regard to the Hebbian kernel.
To this aim, we return to the continuum version of the dynamical equations
and note that if the external stimulus is strong enough (1 >> 1) and the tem-
perature is sufficiently low (8 >> 1), equation 2.18 can be approximated as

dé; _ 1 N = _ _ 1
I = —6;+ - tanh | B ;],]U] +up&i(t) | = —0j+ ;éji(i’), (A.5)

where we have used h; = &;.
Equation A.5 can be easily solved for o;:

1 t =t
Gi(t) = ;/0 &(te = dt'. (A.6)
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The last previous can be rewritten as

fo &t )e**dt’
JheSar

and at this point, it is easy to see that if the same stimulus is presented for
t > 7, then equation A.7 can be approximated as follows:

Al

oi(t) = (I—e), (A7)

oi(t) ~ &i(t). (A8)

By inserting equation A.8 into the dynamical equation for J;;, that is, equa-
tion 2.18, we get

d]z](t)
dt

L](f) + Sz(f)éj(t) (A9)

Finally, by mapping ¢ — tt, the dynamical equations of the synaptic matrix
becomes

d]z](f)
dt

J¢)+§amam. (A.10)

Let us making the following ansatz for J;;:

Ji) = /aw;>M+%m (A1)

meaning that we separate two components in the coupling matrix (i.e., a
linear integration of the external stimuli and a fluctuation contribution (the
4 matrix)). With this assumption, equation A.10 becomes an evolutive equa-
tion for the fluctuation term:

ds;j(t)
dt

+ 1808 ﬂ/a ) (¢t

L a ()t — —8;5(t) + E(E)E;(E). (A12)
T

In the large ¢ limit, the first two terms on the left-hand side vanish, while
the integration parts reduce to the usual Hebbian kernel (since, in this case,
the temporal average is equivalent to the expectation value in the pattern
space because of the ergodic hypothesis). This means that in this limit, we
can rewrite the entire equation in a simpler form:

d-a]011B/008U/NPa )W }08.IP//:dNY WOol) papeojumoq

B 008U/€€€6/02/0€6/S/SE/HP
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dr?;jt(t ) 4 Z8i(t) = == 1 Zg0g o). (A13)
T T T

By squaring and integrating in t the previous equation, we get

v d&,] 2 d81] (Sl'j(t)‘[ (S,'j(t)‘[ 2
2 t
/0 |:( dt ) + v + ( T/ ) d

— /0 ' [_L]<Hfbb>+ %gi(t)gj(t)]zdt. (A.14)

T/ ij

Since § is a fluctuation term around zero, we can rewrite it in a transparent
form as

8ij(t) = 2Aj cos (t\/j+ ¢> , (A.15)

where A;; ~ A represents the fluctuation amplitude. Replacing this form
directly into equation A.14 and integrating over ¢ € [0, 2r], the oscillating
terms disappear, and we achieve an estimation for the amplitude A:

2A21 +1/t _ /T (_%]lg]giebb) + %51‘(”5]‘(”)2(#' (A.16)

T/t 0

Expanding the square on the right-hand side and assuming 7’/ > 1, we
can write the following estimation:

1T (Hebb)\ 2
Aw\/zf/ [1— (]i]. ) } (A17)

Thus, the fluctuation amplitude around the Hebbian kernel is proportional
to (t/ r/)l/ 2 In Figure 8 we plotted using dashed lines this estimation for
the fluctuations around the Hebbian kernel, and we find a perfect agree-
ment between the theoretical prediction, equation A.17, and the numerical
simulations. For general 8, the same analysis allows us to quantify that

AB) = /A2 tanh? g+ H (1 — tanh )2, (A.18)

with A being the  — oo evaluation given by equation A.17. The compar-
ison between this prediction and the numerical analysis can be found in
Figure 8 where the theoretical prediction is represented by the dashed line.
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