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PART ONE: SHALLOW NEURAL NETWORKS & STANDARD DUALITY
             Biological inspiration is not lost, just hidden
                  HOPFIELD NEURAL NETWORK  & RESTRICTED BOLTZMANN MACHINE

Discalimer: 
 This is a talk on foundational aspects.
Elementary networks and random setting: more complex 
ǎŎŜƴŀǊƛƻǎ ƛƴ 9ƭŜƴŀΩǎ ǘŀƭƪΧ
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We start focusing on neural dynamics. 

Restricting to symmetric synaptic matrices, the existence of attractors is granted.

Cost function (Hamiltonian)

Boltzmann-Gibbs distribution

Task: pattern recognition (& associative memory)
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The Hopfield model (Hebbian learning): model of biological inspiration for associative memory 
                       

In Hebbian learning «Neurons that fire toghether wire togheter» (also for the gauge-patterns)

Cost function 
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P  order parameters
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Pattern recognition, Denoising, Retrieval, Associative Memory, Attractor Neural Net, CAM, etc.  
                               Ą ǎƻƴƻ ǘǳǘǘƛ ǎƛƴƻƴƛƳƛ Řŀ ǉǳŜǎǘŀ ǇǊƻǎǇŜǘǘƛǾŀ ŀǎǘǊŀǘǘŀΧ

CAPTCHA= Completely Automated Public Turing test to tell Computers and Humans Apart
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Prelude -2:  minimal Biological Learning Ÿ ANN and Pattern Recognition

How many pattern can it handle? Ą   Phase Diagram: a possible role in OAI

Note: Hopfield = Spin Glass from SM viewpoint

The synaptic matrix has both positive 
and negative entries and they are 
quenched:
1) In Statistical Mechanics these 
networks are «spin glasses».
2) Further, they are required to be of
both signs for biological reasons and also 
from information theory viewpoint.

Computational 
phase transitions
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Minimal models in Machine Learning Ÿ RBM and Contrastive Divergence

Note: RBM = Bipartite Spin Glass from SM viewpoint

Now we address a completely different question, namely «learning» (e.g. from exaples)

RBM: Differential path toward learning
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Supervised vs Unsupervised Learning via RBMs in the GrandMother cell setting

In the Grand-Mother cell setting we use one hidden neuron to label each archetype/pattern 
we want the network to learn/store/retrieve

We «clamp» the averages by forcing input e output in the supervised setting
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Clamped averages in 
the supervised 
setting via grand 
mother cell scenario

In the KL cross-etropy  D=D(P,Q), who is P who is Q?

Q is the joint probability distribution (labelled datasets)
P is the Boltzmann-Gibbs distribution of the H-RBM
    Ą we know the functional form of P explicitly.
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What you learn 
is what you will
(eventually) 
retrieve later on

+ dense nets[ƛƴŘŀΩǎ ǘŀƭƪ

Gaussian Prior
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Hebb: Integral path toward learning
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«Secure Learning by using the knowledge of the retrieval phase diagram»

AGS

AGS minimum:
pattern created
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Up left: 
Analytical equivalence between Cost 
functions used in Statistical Mechanics 
(Hamiltonian) and Loss functions used in 
Machine Learning (L2-MSE)

Bottom left:
Numerical equivalence of the trhesholds 
for learning between the Hopfield model 
and the RBM in the random setting.
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Localist or Connectionist?



Networks of Neural Networks: the more is different  

       Hetero-Associative Neural Networks solving Spurious Mixtures 
 

Contucci60
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FROM AUTO-ASSOCIATIVE TO HETERO-ASSOCIATIVE NEURAL NETWORKS

What is hetero-association? Provide a piece of pattern, the net retrieves a bunch of them



Hopfield = AutoAssociative NN

Hebbian learning (actually «storing»)
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The correct retrieval of 1 pattern (this gives m=1)
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The most stable spurious state is the 3-pattern mixture

? Ą ƴƻǘ ŀƭǿŀȅǎΗ hŦǘŜƴ ƛǘǎ ŘȅƴŀƳŎƛǎ ŜƴŘǎ ǳǇ ƛƴ ƳƛȄǘǳǊŜ ǎǘŀǘŜǎΧ
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Hopfield model: a natural source of 
structured,  yet synthetic, datasets!



Input

1Á output

2Á output

3Á output

B.A.M.
(Bi = 2 layers)

T.A.M.
(Tri= 3 layers)

From «Auto-Associative NNs» (e.g. Hopfield) to «Hetero-Associative NNs» (e.g. Kosko)

The BAM already existed in Literature (is the first hetero-associative NNs) but it is not enough for our pourpose

The TAM did not exist in Literature and we itnroduce it here for the first time for our pourpose
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Learning via «Reverberation» among the layers

This will be important later: note that 
each layers has its own stored patterns

W is the generalized  (NxM) Hebbian synaptic coupling: the squared case (NxN) is just a special limité

Hetero-Associative coupling

Auto-Associative coupling
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The duality for the BAM: 1 BAM = 2 (coupled) RBMs

The BAM retrieves couples of patterns.

Previous findings via RT 
at RS level recovered,

1-RSB picture added via Guerra 
interpolation
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The duality for the BAM:
1 BAM = 2 (coupled) RBMs
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EACH CHORD IS BUILT OF 3 NOTES AND EACH SPURIOUS STATE IS BUILT OF 3 PATTERNS:

EACH PATTERN IS  A MUSICAL NOTE AND SPURIOUS STATES ARE CHORDS.

TAM is NOT a dense net, eventually it is a 
recurrent deep net (3 -> K layers): 

interactions are pairwise

Note that each layer accounts for different pattern ensembles (easy case!)
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A STATISTICAL MECHANICAL GLANCE: D¦9ww!Ωǎ INTERPOLATION AND RS PICTUREMINIMA SOLFA DI MECCANICA STATISTICA J
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The whole works until 
the network has the 
concept of the notes 

(namely of the patterns) 
hence we need to know 
the retrieval region of 

these TAMs: therein they 
share these propertiesΧ
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