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II1. Self-organization of Nerve Elements

3.1. Convergence of Learning

It is widely belicved that a nerve net self-organizes
by modifying its synaptic weights. Hebb (1949) pro-
posed the rule that simultaneous firing of presynaptic
and postsynaptic neurons brings an increase in that
synaptic weight. This hypothesis has widely been
accepted in various versions (e.g., Caianiello, 1961
Rosenblatt, 1961; Grossberg, 1969). We also adopt
similar but somewhat extended rules of modification
of connection weights.
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PART ONE: SHALLOW NEURAL NETWORKS & STANDARD DUALITY
Biological inspiration is not lost, just hidden Lo
HOPFIELD NEURAL NETWORK & RESTRICTED BOLTZMANN MACHINE

b
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Hopfield Network

Boltzmann Machine Discalimer. |
This is a talk on foundational aspects.

" Elementary networks and random setting: more complex
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Task: pattermrecognition(& associativenemory)

We start focusing on neural dynamics.

Corrupted Reconstruction

Let us consider N' McCulloch-Pitts neurons (i.e. Ising spins) a; = 1, i€ (1,...,N).

We will keep the focus on pairwise models (HNN and RBM) but higher order interactions can be added

and are not trivial, hence a typical Hamiltonian reads as ] ) ]
S N Costfunction (Hamiltoniar)

H(('I: J,h} = - Z Jijrfi{?j - Z hiﬂfi.

1< i

The stochastic evolution of the neural dynamics can be written as a master equation

Pipr(o) = Z W(a,a")Pi(a'), (0.1)
if Jij = Jj olds and guarantees the existence and uniqueness of the long term limit
Py(0) =) W(o,0")Psl(0"). (0.2)
where BoltzmannGibbsdistribution
e—BH(o.J.h)
P-:x:\(l'?) - Z(,B—J J,h,} .

The role of 3 is to tune the noise, e.g. 3 — 0 the evolution is a pure random walk, while for 7 — oo
H{o,J, h) plays as a Lyapounov function.

By choosing H (e, J, h) "suitable for information processing" we can study neural networks via statistical

e mﬁ’estrlctlng {0 symmetrlc synaptlc matrices, the existence of attractors is gianted.
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The Hopfield model (Hebbian learning): model of biological inspiration for associative me

The first Hamiltonian we consider is the Hopfield model for associative memory (pattern recognition,

error correcting codes, ete.): assume we have

P random patterns £, all of the same length N e =€), € €N T2 (L, 41,y —1)

¢! where p labels the pattern and i labels the pixel of the pattern.

62 = {f%* §§| E%\ﬁ }= {—1.. +1, ..., —|—1}

A possible choice for the synaptic coupling .J;; is
to have the Hamiltonian to be a quadratic form
pointed at these patterns, e.g.

P
H(o,J.h=0)ox = (0-&")° (0.3)
I
hence J;; = Zf ¢i'€; and the Hopfield cost function reads as
L NN
e 43 (F) oo y
i<j \ p

and h plays as a selector among patterns (setting the threshold for firing to zero for the sake of simplicity).

In Hebbian learning «Neurons that fire toghether wire togheter» (also for the gpatjerns)

NN P
\\ L pept _ ¢lel 22 K ¢K
-H(Ue J, h-] - = Z J;‘.jﬂfﬂj J%J' — Zfz fj — gz £j +§i é.j + .. +£1‘ £j

i<j L
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How does the network retrieve a stored pattern? Pattern Recognition

. " y . Model for:
i o i Cells that fire together wire together -Associative memory
Jij = N E §; Ej PE'=+1)=PE'=-1)=1/2 -Pattern recognition
=1 important note
I N,N P N 2 It STORES archetypes,
— i et 2 It does not LEARN
Huann(ol8) & —55 > (E RILY 5 2 m@)
.7 p=1 “:l
with the pattern oveclaps " &1 = +1
¥ =D &g b =—1
2 & p=1 » oyl §3 = —1
i=1
= En = +1

Hobfield Network

(+1,—-1,—1, -1, +1,+1,+1,—1, -1, -1, +1,+1),

o = (+1,-1,—-1,—-1,+1,4+1,+1,—1, -1, —1,+1,+1). U

ol
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Data is stored in the form of patterns of information,
l.e., vectors where each component codifies a particular feature of the imag

E=(+1,- 1.+ L.+ 1...-1
o & =+ 1 if the pixel labelled as i is white
y & = — 1 if the pixel labelled as i is black

10
N (]
e

Corrunted Reconstruction
CAPTCHA Completely Automated Public Turing test to tell Computers and Humans

Pattern recognition, Denoising, Retrieval, Associative Memory, Attractor Neural Net, CAM,
Aazy2 GdziO0A aAy2yAYA RI ljdzSadal L3
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Prelude-2 mi ni mal Bi ol ogi cal Lear:r
Note: Hopfield = Spin Glass from SM viewpoint

1 L Hopfield model
= — Z é-!“gf =0 with the pattern overlaps
N P =+1)=P(¢ =~1) =12

) N
N.N .y mﬂ(a)zéz‘%‘f‘cﬁ
HHNN(O'|E) — \T y‘ (y‘ E-u’&'#*) J'i‘»gj — _T Z m- (o-) i=1
i,J =1

How many pattern can it handlg? Phase Diagram: a possible role in OF

The synaptic matrix has both positive 1s
and negative entries and they are
guenched:

1) In Statistical Mechanics these

networks are «spin glasses». :
2) Further, they are required to be of, Computational
both signs for biological reasons and also phasetransitions
from information theory viewpoint. 5

Spin Glass

&

aax e v
i ",lj_ [ e
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MI ni1 mal model s 1 n Machi ne Learni

Now we address a completely different question, namely «learning» (e.g. from exaples

Proposition. The unique stationary probability distribution of the neuronal
dynamics formulated above i

| NP
Hprpm (o, z[§) = “UN > Eloiz
IV i

Derivation of the learning rule

RBM:Differentialpath toward learning

(0.1) D(Q. P) := ZQ(J z)In Q. 2) Po(o,z) = 7
o — R P, (o,z) Tz

and we know that D(Q),P) is minimal -and equal to zero- when P and () are identical.
Detailed balance implies that P, exists and has a Boltzmann-Gibbs expression,
thus we can calculate the variations w.r.t. the couplings (and the thresholds for
firing) via a gradient-descent learning rule:

oD

0.2 At = —e—— .
02) =t
resulting in the Contrastive Divergence learning rule
NP aD ,P ) N.P 9D ,P 2
(0.3) &{ff = eB ((0izu)+ — (0izu)-) AD(Q, P) = Z é‘g )agg > (%)

Note: RBM = Bipartite Spin Glass from SM viewzpoint

RIKEN Center for Brain Science, 08/32
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Supervised vs Unsupervised Learning via RBMs in the GrandMother cell setting
We «clamp» the averages by forcing input e output in the supervised setting

AL = ef ((oizu)+ — (izu)-)

DOG

DOG

Boltzmann Machine Boltzmann Machine Boltzmann Machine

In the GraneMother cell setting we use one hidden neuron to label each archetype/pattel
we want the network to learn/store/retrieve

Adriano Barra, Autoassociative vs Heteroassociative neural networks: BIO vs Al, RIKEN Center for Brain Science, 09/32



The Boltzmann-Gibbs distribution associated
to HEEM ig

1 _ g (RBM) (. 22
Pﬁ(J,Z|W) — Z(RBM)(W)B 'BH ( ’ |W) 2. (13)
B

.z

In the KL crossetropy D=D(P,Q), who is P who is Q?

Q is the joint probability distribution (labelled datasets)
P is the Boltzmanibbs distribution of the HRBM
A we know the functional form of P explicitly.

Qlo,z) = Y ' —o)i(z —z), (14)

The learning rule can be derived by a gradient descent
on the Kullback-Leibler (KL) cross entropy Dkr(Q|P)
between the distributions Q and P, that is, W =

i
dD . . L]
Wi, —e g;ﬁg”?’), where n accounts for training itera-
! LRy

tions and e is the learning rate; recalling (14) this yields

Wit = Wi+ e((0izn)ots — (0iz0), (15)

Boltzmann Machine

Clamped averages in
the supervised
setting via grand
mother cell scenario

Adriano Barra, Autoassociative vs Heteroassociative neural networks: BIO vs Al,

RIKEN Center for Brain Science, 10/32



H¥M(o, z|w) = ZZw 0iZ,.
— D0

Ilp—

P(o,z) x exp | —— Zz + — ZZ&“U,ELL

ﬁ N.N 1 P
P(o) o exp | > = Y &lEl | oo | o (2.7)
i.j " ™~

PR T

ZZFFZ“ w87 Znﬂrc}sh Zf“ﬂ'i

i,

Hopfield Network

g

pa

! h by [N _|:l.
ZH neosh( g L 8'0d) o ZFWZ” 220 S 6T dense nets 1y i( ) ¢
k |

Neural Networks
Volume 34, October 2012, Pages 1-9

Emergence of Compostional Representations n Resticted e

Boltzmann Machines HLEVIER
J. Tubiana and R. Monasson On the e qUiValence 0 fHop feld networks and

Phys. Rev.Lett. 18, 138301 - Published 28 March 2017 Boltzmann Machines

Adriano Barra * T, Alberto Bernacchia %, Enrica Santucci ¢, Pierluigi Contucdi ¢
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Supervised Hebbian learning

Let us start with the theoretical approach and introduce
the information the network has to deal with: we define
K archetypes denoted with &", p € {1,..., K}, as binary
vectors of length NV and whose entries are i.i.d. variables
drawn from

1 1 :
P(E) = 38(¢ = 1) + 50(¢ +1), m

for any i € {1,--- ,N} and p € {1, ..., K}, then, for each
of them we generate M examples n**, a € {1, ..., M}, that
we obtain by corrupting the archetype flipping its digits
randomly as

nfﬁl - &MX-;-, 1 (2)
1+7r pa 1— m

’P(X?a) = 9 o0 — 1)+

for any i,p,a, being r € (0,1] a parameter tuning the
quality of the sample. We now feed the HNN on the
dataset S = {n"*}/_ - ‘E and, for this operation to
be unambiguous, we also need to specify how these
examples are presented to the network, mirroring su-

pervised and unsupervised learning.

Each archetype -out of P- is used to generate A examples of that pattern at some noise r.

Adriano Barra, Autoassociative vs Heteroassociative neural networks: BIO vs Al, RIKEN Center for Brain Science, 12/32



Derivation of the learning rule AGS Hebbian Storing.

Hebl Integralpath toward learning

Unsupervised Hebbian learning. Without a teacher that
tells how to cluster examples, we mix them up obtaining

K M

T o Y S e ®

=1a=1
<

Hebbian Learning from First Principles

Linda Albanese,”" Adriano Barra,”” Pierluigi Bianco,” Fabrizio Durante,” Diego Pallara,”"

“ Dipartimento di Matematica e Fisica, Universita del Salento, Via per Arnesano, 73100, Lecce, Italy
¥ Istituto Nazionale di Fisica Nucleare, Campus Ecotekne, Via Monteroni, 73100, Lecce, Italy
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Control parameters:
p=1/T ,a=K/N

Order parameters:

1 N
m o= =Y,
i=1

- 1 1 M . N (m) "
S e O DA E e ) .
1 ZN 1) (2 _ anh2 ¢ Bn) + 28, [ (n olg)

1.5

‘)
a—

0.5 N .'a__-‘:\-“-“ = - o -
“-m\_‘ e~ 0.4 . { a=0.02
+...-' ""-h‘\ H = - o a = (L4
—0.2* — Y - S = 008
0 p=02%p=01% p=0"~ 0.2 , , ) & = 0.12
0 0.07 0.14 0 0.2 0.4 0.6
o p

Adriano Barra, Autoassociative vs Heteroassociative neural networks: BIO vs Al, RIKEN Center for Brain Science, 14/32



TH2) LR
<
T e
Q)
TJia) a4
= = = =
n+ £ N n+— § (] n +— £ > 1 N +— £ > 17
A =2 M=3 M=4 A = o -

1.5 . : 6 : . \
: : d)

AGS minimum:
pattern created

/

0 0.05 0.1 0 0.2 04 0.6
a (T =0,p) P
AGS Hebbian storing theory is recovered in the limit of high-information (zero entropy) datasets.

«Secure Learning by using the knowledge of the retrieval phase diagram»
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Reminder: order parameter m, = (1/N) S~ ¢"0;)

e Statistical Mechanics: Cost function (Hamiltonian) Up left:
Analytical equivalence between Cost

1 NN K N K - . . . - .
H(o,&) = ———> (Y Mooy = —=- % m? functions used in Statistical Mechanics
\/ﬁz 2 : 2 Zﬂ: (Hamiltoniar) and Lossfunctions usedin
MachineLearning(L2-MSE)

(LS B

e Machine Learning: Loss function (I2-MSE)

Bottom left:

Numerical equivalenceof the trhesholds
for learning between the Hopfield model
andthe RBMin the randomsetting

I

1
=l —ol* = 1% m,

e Equivalence among these two observables

Figure 1. The larger panels provide a picture of the performance of a trained RBM used as a classifier (panel a) and as
a generative model (panel b); in particular, the logarithm of P(zg|lo = £r)/P(z|loc = ne) and the logarithm of (m)/(n),
respectively, are shown versus M, for different choices of the parameters r (as explained by the common legend in panel a),
which quantifies the dataset quality. The threshold value M, corresponds to the interception between the curves and the
horizontal axis. In both panels the vertical dashed lines are obtained analytically by studying the dual Hopfield network and
asking for the minimum value of M such that archetype retrieval prevails over example retrieval (i.e., m > 71, see Sec. A2 and

Adriano Barra, Autoassociative vs Heteroassociative neural networks: BIO vs Al, RIKEN Center for Brain Science, 16/32
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On the effective initialisation for restricted Boltzmann machines via )
duality with Hopfield model 2

Francesca Elisa Leonelli **, Elena Agliari?, Linda Albanese ““, Adriano Barra “**

Caontents lists available at ScienceDirect

Neural Networks

journal homepage: www.elsevier.com/locate/neunet

The emergence of a concept in shallow neural networks )
Elena Agliari®, Francesco Alemanno®, Adriano Barra®“*, Giordano De Marzo ¢ &

Adriano Barra, Autoassociative vs Heteroassociative neural networks: BIO vs Al, RIKEN Center for Brain Science, 17/32



Here the idea is to look at the mixture states as «structured information»: e.g. think at the 3-mixture as a chord
(DO-MI-SOL) such that each partern is a note (DO or MI or SOL)
X o) (o ©

@0 ©) (3N (82010
S
oo @ e e - @ ot
C major = e | |a A minor = ... 55 D minor - € G major = PRB.C.
Do maggiore ® La minore =Cal, Re minore i oot @ Sol maggiore we=( @ g
o o,
— s
M La Ae Sol Si M M L Fe So S M
M La Fa Sol Si M M Ls Re Sol S M S s
Carde Soea

GIRO DI DO ARPEGGIATO
T o v
E=smrereoesriTe

- RE- |+¥soL7

A pup e N

4 = & 3t g..}..
i—;—"" T | x oy ., 3. R o A
i A A Fa u_P_W. .
sl T - 3 o

4 ) P O 3 .

Hetero-Associative Neural Networks solving Spurious Mixtures

FROM AUTASSOCIATIVE TO HETERSOCIATIVE NEURAL NETWOR

Whatis hetero-associatiof? Providea pieceof pattern, the netretrievesa bunchof them
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The Hopfield Model Hopfield= AutoAssociativéNN

1 The Hopfield Model’s problem: spurious states

Standard Hopfield AM / HY

H™M(olg) = —= Z m2(oc) (1)

#—

where

N

mu(o) = 3 &

i=1

and {¢/}=1 N are depicted from

1L 1 Hebbian Ielalrnlr%el(gcﬁgﬁyogt%rmg
Ky — —S(el Z5(£H « »

Proc. Natl Acad. Sci. USA
Vol. 79, pp. 2554-2558, April 1982
Biophysics

Neural networks and physical systems with emergent collective
computational abilities

(associative memory/parallel processing/ categorization/content-addressabl v/ fail-soft devices)
J. ]. HopFIELD
Division of Chemistry and Biology, California Institute of Technology, Pasadena, California 91125; and Bell Laboratories, Murray Hill, New Jersey 07974
Contributed by John J. Hopfield, January 15, 1982
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The Hopfield Model

1 The Hopfield Model’s problem: spurious states

Starting with a corrupted information, the Hopfield network is able to retrieve the
associated pattern’

IN :  with m;(n) = 0.6 — OUT : ¢!

The correct retrieval of 1 pattern (this gives m=1) —

1.0} ' —
| 0.8
1322 ' 0.6
rasil f _ 04
}N 0.2
‘1 0% ""500 1000 /1500 2000 2500 3000

t
'ACC Coolen, R.Kiihn, P.Sollich. "Theory of neural information processing systems”. OUP Oxford(2005).

e ey
— N

3 : P | ' (S R T S L‘—;
E 4 A
(+1,—1,—1,—1,+1,4+1,4+1,—1,—1,—1,+1,+1), /‘\ /
= g |

L, —1,—1 —34 b T — i)
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Hopfield model: a natural source

The Hopfield Model structured, yet synthetic, datasets
1 The Hopfield Model’s problem: spurious states

Starting with a corrupted information, the Hopfield network is able to retrieve the
associated pattern? Ay 2u It gl eaH h¥TuSy Aua Reyl YC

i t =1800
The most stable spurious state is th@&tern mixture
™
K 0.5} ]
| | i e
@———H%H\H o
Sl == A Nhresil f _ o
; 0.1}
]
0.0 e

0 500 1000 % 1500 2000 2500 3000

Eigenspace

I: x=1(0,..., 0, X415 -5 Xp)
: x=q,..., 1,0,..., 0)
III: x =(xq,..., Xy 0,...,0), Zux 1 2 3

6 | ~ \
" - ] S F ™ 7
n — n [ N
— | . X
— [ N
1 R =N — N
= — - C I NY 7
— R [ X
T - T ~ t Y
2 — == -6 =
N = i
Y [ e ——
P = o
- —
o PRI L I B T L I
. L
o 4 &) B 1 o 2 4 & B 1 T3
e T —
P 1 adi
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Is it possible to resolve spurious state?
1 The Hopfield Model’s problem: spurious states

From «AuteAssociativeNNs»> (e.g.Hopfield to «Hetero-AssociativeNNs> (e.g.Kosko

1st output

El

input

sign (&' + &%)

B.A.M.
(Bl = 2 IayerS) 2nd output

62

The BAM already existed in Literature (is the first het@ssociative NNs) but it is not enough for our pourpose

1Aoutput
1
Input é

2Aoutput
Sign(¢* + €2+ €2) 2
. T.A.M. E—

(Tri= 3 layers) B
b €

The TAM did not exist in Literature and we itnroduce it here for the first time for our pour
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N M

The BAM model? HY M (o, 7lem) ==Y ) Wijoir,

2 From the Hopfield Model to the BAM

1=1 3=1
Learning via Reverberatiom amongthe layers
Hamiltonian of the BAM model

K
Ha (0. 71€.m) = —VNM Y _mu(o)nu(r) ()

where

mu(o) =5 O &'

and {&F },{n"} are depicted from

L

1 1 v : j
P(x') = 500" — 1) + S0(x" +1) Thiswill be important later: note that

eachlayershasits own stored patterns

?B.Kosko. “Bidirectional associative memories” .IEEE Trans. on Sys. Man Cyb. 18.1(1988).

W is the generalized ( NxM) Hebbian synaptic
Auto-Associative coupling

A statistical investigation of bidirectional associative memories Numéro ] Phys. | France K
(BAM) Volume 5, Numéro 1, January 1995 Hebb 1 # #
Page(s) 85 - 956 J . = — é’ g R
J. Kurchan ('), L. Peliti (* *) and M. Saber (%) Dol https://doi.org/10.1051/jp1:19951 11 1] / NN 2]
('3 Dipartimento di Fisica and Sezione INFN, Universita di Roma « La Sapienza », P.le Aldo DOI: 10.1051/jp1:1995116 H:]-
Moro 2, [-00185 Roma, Italy H H H
(2 Institut Curie, Section de Physique et Chimie. Laboratoire Curie, 11 rue Pierre et Mane Curie, J. Phys. | France 5 (1995) 85-96 HeterGASSOCIatIVG Coupllng
F-75231 Parns Cedex 05. France K
(*y Département de Physique. Faculté des Sciences, Umversité « Moulay Ismail » B.P. 4010, The B.A.M. Storage Capacity 1

Beni M hamed, Meknés, Morocco

H. Englisch!, V. Mastropietro? and B. Tiroz Zj'

(Recewnved 12 April 1994, 1ecerved n final form 18 July 1994, accepied 21 Julv 1994) NJ\/[ : : gl ?7_?
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The BAM model

2 From the Hopfield Model to the BAM

Theduality for the BAM: 1 BAM = 2¢upled RBMs

i1oP Publishing Joumnal of Physics A: Mathematical and Theoretical

J. Phys. A: Math. Theor. 56 (2023) 205005 (32pp) https://doi.org/10.1088/1751-8121/acccs0

Previoudindingsvia RT
at RSevelrecovered
1-RSB picturaddedvia Guerra

Thermodynamics of bidirectional : :
interpolation

associative memories

. L0
Adriano Barra'>(", Giovanni Catania’* ),

Aurélien Decelle’* ) and Beatriz Seoane™* 0.0751
e 0.050 -
E 3 fat
(a) (b) N
Y= 1.0 =21 0.025

N0 A
199

B g cH
— o =sign Zw,-jfj
i

5;+1 = sign (Z w,jcr,?) — ¢ = sign (Z wiié; ) :

LAYV V1T VS (A VS T VA 025 000 00 01 0l 020 025

o o The BAM retrieves couples of pattern:
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The BAM model Theduality for the BAM:
2 From the Hopfield Model to the BAM 1 BAM = 2c(oup|ec) RBMSs

RBM representation

9N oN KM
ACON Z /D(ZZT)eXp 1/ N Z & 01z, + 1/ f\d Z n{"”ﬁz}:_] (4)
{ohim) poi=1 poi=1

where

dz,dz @
’D{zz H R exp [ Z 27 ] .__f_,,.--’ =
=1 n=1 g ///

Statistical mechanics of learning via reverberation in bidirectional
associative memories

Martino Salomone Centonze #-*, Ido Kanter ”, Adriano Barra ®
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TAMIsNOT a dense neeventuallyit isa
TAM model recurrentdeep net (3> Klayers:
3 From BAM to TAM interactions arepairwise

Hamiltonian of the TAM model

Hyi (0,7, 8l€,m,x) = —arVNM Y my(o)n, (1) —azVNL Y my (o)l (p)—asVML Y~ npu ()l ()

p=1 . p=1 p=1
Note that each layer accounts for different pattern ensembles (easy case!) (6)
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and {& }{nf'}, {x}'} are depicted from
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EACH CHORD IS BUILT OF 3 NOTES AND EACH SPURIOUS STATE IS BUILT OF 3 PATTERNS:

EACH PATTERN IS A MUSICAL NOTE AND SPURIOUS STATES ARE CHORDS.
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MINIMA SOLFA DI MECCANICA STATISTICA LBNCEwW WNTERPOLATION AND RS PICTURE
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The integral representation of the partition function reads as (see Fig.1 for a visual schematizzation)
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where we have set

.Bcr — Jﬁ(\/a+ \/EJZ

p=l j=1

p>1k=1
(2.3)

B =B(Va+e)? By =B(Vb+e)?
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we obtain the self-consistency equations in terms of the mentioned order parameters and the control
parameters

m = E, {tanh _ﬁﬁg +;5‘.!_§ + J:ﬁ,,«,/’y;ﬁzfi’]}

Thewhole worksuntil

n = E. {tanh [0 (Bam + BIC + 28,7 2) |} the networkhasthe

[ —E, {tah [ (ﬁbmﬁﬁg”ﬁm/w)]} concept of the notes
- (namelyof the patterns)

7 —E, {tanh2 pnd+ i +r,ﬁaqf—*yﬁzf’2} } hencewe needto know
) the retrieval regionof

7 = E, {tanh? |0 (Bam + B~ + 28.\/77 2) |} these TAMs thereinthey
. c sharethesepropertiesX

g = E, {mhz o (5bm+ pn + mﬂ¢1/7ﬁwf/2) prop
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