METODI MATEMATICI PER LINTELLIGENZA ARTIFICIALE

CAPTCHA
(Completely Automated Public Turing test to tell Computers and Humans Apart)

©: CAPTCHA We can understand several neural networks nows
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1 Neural Stochastic Dynamics

Why should Statistical Mechanics be a tool in AI7?

Consider N binary neurons (Ising spins, Boole variables, etc.) o3, @ € (1,...,N) that interact
via the synaptic coupling J and experience an external field 6.

e Energy (Physics) or Cost Function (Artificial Intelligence, Statistical Inference)

N
E = Hy(o|J,0) Z Jijoio; — Ze oi=—) hioy, (1.1)
1 5
hi(0’|J, 0) - —Wz]: Jijo'j == 01. (12)

e Stochastic Process (Physics) or Neural Dynamics (Neuroscience, Artificial Intelligence)

oi(t+1) = sign (tanh(Bhi(o(t))) +m:) , (1.3)

P((o)(t+1)) = Z (Wlo" = a]P(a'(t)) — W[o —= o'|P(a(t))) (1.4)

al



Main Argument: Detailed Balance

Theorem 1. If the synaptic matriv is symmetric, namely Jij = Jji. the Markov process ruling the
stochastic evolution of the net converges -with probability one for long time- to the Boltzmann-Gibbs
measure for a given configuration o!

P((o)(t+1)) =) _ (W0’ = 0]P(d(t) — W[ = o] P(a(t))), (L5)
W(o" = 0]Px(0’) = W[o" — a]Px(0'), (1.6)
Py (o) = exp(—pH(al|J,0). (L.7)
1 N,N N
Pu(0) = exp(-BH(0lJ,6)), H(0]J,0) = -5 Y Jijoio; =) bioy (1.8)
i,j i

e it is a good thing: as far as we consider symmetric couplings we can use tools from Complex
Statistical Mechanics.

e it is a bad thing: we are ruling out (from this approach) not-symmetric couplings (that exist
both in biol. and artif. nets).

This is an important conceptual point: in the long-time limit the dynamics relaxes toward the Stat. Mech. distribution!



Or we can adopt a Statisticatl Inference perspective:
Maximum Entropy Principle, Jaynes and Gibbs

Suppose we have a set of N boolean variables o; € 1,7 € (1,...,N).

We call P(e) the probability to observe a given configuration o and we look for its explicit
expression under some constraints.

Certainly we want the P that makes maximal its related Shannon entropy, hence we ask for
the extremization of the functional

Sy [P] = —kZp yInp(a) — kMo Zp(cr ) —1], (1)

where Ag 1s a Lagrange multiplier forcing P to be a probability distribution.

98y,
dp

dS
a):f = k (;p(o)—l) =0. (3)

The first equation tells us that p(c) = €'~ = cost. and the second equation ensures normal-
ization: this is not surprising since we know nothing about the states of this system, hence we
obtained a uniform probability distribution.

= —klnp(o)—k+ kX =0, (2)




Suppose now we can not access directly the whole probability distribution (otherwise cui
prodest?) but we can measure for instance the first momenta of these boolean variables, e.g. we
know the average (m) and the variance (V), i.e.

(s) = Y plo)o=(m),
(V) = ) plo)(o—(m))>.

=~ nature

Weak pairwise correlations imply
strongly correlated network states in a
neural population

In this case the functional we aim to get maximal reads as TR OO ORI TR

Nature 440, 1007-1012 [2006)  Download Citation £

SroanlPl= — kY plo)np(a) + ko (D plo) -1+ (6)
+ kA Zp(a)o' — (m) | + kA2 Zp(a)(o — (m))? (7)
a a
The variational procedure results in this expression for p(o):
_(g—(m))?
e I Q
po) ~ ®

where the cost function inside the (Gibbs) exponent can be written as

N N
Hy(o|J,h) = — Z Jijoioj — Z hioi,

1<J 1

namely a quadratic form in the o (possible parenthesis on Reductionism).

This is an important conceptual point as each spin configuration here represents a stationary state (not equilibrium!)
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The starting point: inverse problems in tﬁeRTl C |_ ES

statistical mechanics of neural networks

Weak pairwise correlations imply
strongly correlated network states in a
neural population Know (.J, h) — generate neural configuration {o} — Direct Problem.

Know neural configuration {o} — infer (.J. h) — Inverse Problem.

Elad Schneidman"®?, Michael J. Berry II°, Ronen Segev’ & William Bialek'?

JN'..'\r JN'
H(o,J,h) = — E Jijoi0; — E h;o;.
i<j 3 (:.—,311(0..1.}1)

Patch-clamp and multi-electrode array
electrophysiological analysis in acute mouse brain slices

Hopfield Network



1. Statistical Mechanics in a nutshell

INPUT:
Hamiltonian (Example: Curie-Weiss, mean-field Ising model)

J N.N N
Hy(o,J, h) = -W.Zj:a.-a, —hzl:ai (1)
whereo; =x1,i=1,. . Nand heR, JeR*.
OUTPUT:
Explicit expression for the free energy a3, h), namely
o3, J,h) = Nlim ax(3,J,h) (2)
QN
3,J,h) = 1 (—BHy (2, J, h)) (3)
an(8,J,h) = N nzﬂ:c’m w~(o,J,
where 5 € R is the noise (temperature in Physics) and
=
52" exp (—8HnN (o, J,h)) = Zn (8, J, h) is the Partition Function.
NOTE: in general ay at finite volume N and o for N — oo (the same for E. M. etc).
SOLUTION:
y . BJ, 4
a(B,J,h) =In2 4+ Incosh (F(J(m) + h)) — T(vn ) (4)
where
1 N
m = lim my,and my = = > " oiis the MAGNETIZATION (Order Parameter)
averages (.) are Boltzmann averages, namely
'2~
- d.., myexp(—BHy(o,J h)) (5)

2" exp (—BHN (0, J. h))
Imposing energy minimization and entropy maximization: (m) = tanh(3(J{(m)+h)) (self-consistency).




What if we add in an Hebbian fashion P patterns?
r
M itig H eld .
ailti _££J Jijopfte =Z£:1§;; (14)
{

The resulting cost-function, the Hopfield model, is the harmonie oscillator for statistical me-
chanics of neural networks

N P

Hyoptieta(ol§) = = Zf"f, oig (15)

i<j M

Why should this work? a (zero fast-noise) signal-to-noise argument for the storage capacity: if
the system is in a state o that is a pattern, e.g. o; = &, will it remain in €17

This certainly happens if hjo; > 0 Vi € (1.....N): the local field (that has to match neural
activity) reacds as

If we now assume that o; = f,-' (the net is retrieving E") we can write

N — 1 1 ; ; .
oih; = - N ,\, Z Z f’ fﬂcl = Signal - N oise

I
-

where
e Signal = O(1) (in the large N limit

e Noise = va a random walk of NP steps with zero mean and mean sqUeos o oo prissssciie

~ NP = Noise = %

A linear load for the maximal storage, i.e. P =alN, «a > 0should be possible.



Figure 2.3: Information storage with the Hopfield model: p = 10 patterns represented as

specific microscopic spin confignrations in an ¥V = &1 network.

é.."ﬂr'p‘ui"‘iﬂﬂ — ﬁ'igfl (El + 62 + é:;) ) E.S'pur‘ir?-ﬁ — 5?:5??1 (é—l + EE + é:; + {;-4 + 65) ‘

- O DN -

Figure 2.4 Dynamic reconstruction at 7= (.1 of a stored pattern from an initial state which
is a corrupted version thereof. Top row: snapshots of the microscopic svstem state at times
f = 0.1.2.3. 4 iterations /spin. Bottom: the corresponding vnlues of the p = 10 overlap order

parameters as functions of time.




Indeed the Hopfield model is a spin glass.

The High Storage Behavior L'analisi meccanico-statistica del Modello di Hoplield a basso carico i sintesi
predice (nso il grassetto per intendere gli interi vettori, cioe’ m = (my.my....,mp) (ed analogamente per £)).

discuti il concetto di RUMORE LENTO:

\ a3 1'J W I r v bl o .
a(f) = M2+ 52 + S (1— (a))? - 58()  m2} + —e~ T Incosh (3m - ¢ 4
Z | - v w YV oK
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There are two tunable parameters in the Hopfield network:

Notse 8 =1/T and Load a = P/N.

[ts phase diagram is split in three regions:
(1) Ergodic (where both m and ¢ are zero).

| (2) Spin glass (where m is zero but q-0).

(3) Retrieval region (where m >0 and q>0).



Esempl di variazione del paradigma Hebblano (I neuroni non sono $0% spiking...)

Alcune important i variazioni sul tema: ealeolo correlato, parallelo « gerarchico
Iniziameo dal easo m ent | patrerns siano hasiati (carrelazione mean-feld ), cioe’, Itrodotra a = [~1 +1: cosa
cambia se uso

b
PE') = ”%]—)6 : 2']0(61‘ - 1) (s

@YD) = bun +0°(1 —6...) (e

(& + 1)+

Quali somo lo ragioni biologiche? o perche’ puo’ essore nteressante por noi?
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FIG. 4. Curves of the critical @ and the a for which the in- FIG. 1. The encgics of the firsi five symunetric mixturs
formation content is maximal vs bias. 7(a) is the actual infor- states at I'=Q for a network with a finste sumber of stored pat-

mation content at saturation. teras, vs the bias. The sctwork has modified Hebb synapses and

I(a) € fondamentalmente |'entropia della stringa rappresentante il pattern
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“Neural”” Computation of Decisions in Optimization Problems

J. J. Hopfield:? and D. W. Tank?
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THE DIRECT PROBLEM: RBM AND HOPFIELD MODEL

PHASE DIAGRAM: TRANSITION TO RETRIEVAL
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week ending

PRL 109, 268101 (2012) PHYSICAL REVIEW LETTERS 28 DECEMBER 2012

Multitasking Associative Networks
Elena Agliari,"2 Adriano Barra,3 Andrea Galluzzi,3 Francesco Gucrra,3 “4 and Francesco Moauro®

'Dipartimento di Fisica, Universita degli Studi di Parma, viale Usberti 7/A, 43100 Parma, Italy
2Istituto Nazionale di Fisica Nucleare, Gruppo Collegato di Parma, 43100 Parma, Italy
3Dipam'mento di Fisica, Sapienza Universita di Roma, Piazzale Aldo Moro 5, 00182 Roma, Italy

stituto Nazionale di Fisica Nucleare, Gruppo di Roma, 00182 Roma, Italy
(Received 25 February 2012; published 26 December 2012)

We introduce a bipartite, diluted and frustrated, network as a sparse restricted Boltzmann machine and
we show its thermodynamical equivalence to an associative working memory able to retrieve several
patterns in parallel without falling into spurious states typical of classical neural networks. We focus on
systems processing in parallel a finite (up to logarithmic growth in the volume) amount of patterns,
mirroring the low-level storage of standard Amit-Gutfreund-Sompolinsky theory. Results obtained
through statistical mechanics, the signal-to-noise technique, and Monte Carlo simulations are overall in
perfect agreement and carry interesting biological insights. Indeed, these associative networks pave new
perspectives in the understanding of multitasking features expressed by complex systems, e.g., neural and
immune networks.

DOI: 10.1103/PhysRevLett.109.268101 PACS numbers: 84.35.+1, 87.18.—h



2 emergent parallel processing
M7 is the most convenient
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The Hopfield model

Gauge transformation oF —>_£.}r_7.;; —»  CurieWiess model

hlimx P/N =0 low storage regime:

several stable pure states with the same free energy

lim P/N =« high storage regime

N -0

P
—.J;; — N(0,1) ——» spin glass mean field (SK) model without

VvV P retrieval states

\

retrieval vs spin glass phase

(T

» replica trick with RS approximation

» numerical simulation




The Diluted Hopfield model

+17 [ 417 -0
H(ol§) = ZNT Z ng‘fpazgj 1 i o
i.7=1 p=1 —1| |-1 0
+1 +1 0
I +1 +1 - 0
The entries & € 10,=1} are quenched i.i.d random r1l o 5
variables distributed according to _1 g )
: ; B ES
H — B S Mo _ ' : - +1
P =1) =P = —-1) =¢/2N7, P& =0)=1—¢/N7 +$ o g %—1_- 1} ‘;;-2
Dilution regimes r 0 » Erdos-Renyi regime
€ [0.1] tunes the typical number of non 7 < (0.1) » Extremely diluted
zero entries of a generic pattern (&4, ..., CEN),
scalingas O(N'77) -] » Finite connectivity
Storage regimes "0 » Low storage
The amount of loaded patterns scales as 54 (0,1) » Medium storage
lim P/N° — a,with 0 € [0,1] and o € RT '
N—oo .
_— » High storage




Extremely diluted regime and medium load

Theorem:

In the extremely diluted regime, i.e. P(& #0) =c¢/N7  with v <1 |
and medium load, the number of stored patterns is P — «oN?°, 6 <1,
of which K = ¢N°  can be recalled simultaneously, with 5’ = min(~, §):

> <7 below the critical temperature, all stored patterns recalled
simultaneously with Curie Wiess magnetization.

» O >7  all the magnetizations are vanishing (no parallel rertieval).

> =1 below the critical temperature, all stored patterns recalled
simultaneously, with riduced but finite magnetization.

| S Y e Ve
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Extremely diluted regime and medium load

N

Order parameters: asetof P = o(/NV) TR T 1 .

rescaled Mattis magnetization m ﬁ!flm cN1— E 1: £ Ti
1=

using standard statistical mechanics techniques

_l 1 fdm 8—%ln2+N<logcosh(\fﬁ/N"f—ln)>£

f(B) = 3 log 2 — h}Ellmﬁ—Nng

P
= (tanh (Fc(my, + Z M) Ve — my, € {—m,0,m}

'I?}',Iu =
=L

K
m = (tanh (Sc:m..(l + Z gy)))i

r=1

_..using the scaling K — ng‘SI ,with ¢/ e [0, 5] and o < [0, dmax

—
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Finite connectivity regime and high load

N o N
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: — P
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Finite connectivity regime and high load
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Hierarchical models
2k+1 |singspins i = 1 = 1, ... 2k+1
. 1 . . T
Given p € (5. 1] we define recursively the Hamiltonian
] ok+1
Hye41(8) = Ho(1) + Hi(63) = g D Jii9i0;
- (¢,5)
1 = {0i}i<i<or o3 = {0j}arp1<j<r+
Beyond the mean field  d;;
2 _ k+1 s
u 92pd
d=dij
S5} S2 Sz Si S5 S
J Dyson model diz =
J‘J - p ff[‘_;:‘:)’d}lzg
Z&f & Hierarchical Hopfield model * v
;l:]. d]'."341|'._‘3d|7‘_3d|<’_-3
ocessing on hierarchical networks, to appear in to Physical Review Letters (2014).

*Meta-stable states in the hierarchical Dyson model drive parallel processing in the
hierarchical Hopfield network, to appear in J. Phys. A: Math. Theor (2014).



The Dyson model (mlxed states)

15

zk—l—l
meg4+1 = —mz

(1) Z
my, " = Miefy = ok d;

1 gk+1
1 mi) = Myight = z Td;
! i=2k 11
Pure state e ft = Mypight = 110
Mixed state Mieft = ~Mhright
(B, ,p) = lim = log ¥ exp[—AHis1 () # f
k—oo 2Ft+1 -

a
neglecting fluctuations of inner blocks of spins...

k finite k — oo

a(B.J,p) = 11111 sup  ag(m,my,ma|3,.J, p) AFE x 2 (k+1)(2p—1)

— 00 L,y s

s

mq = tanh

.

B (m1 Sk 9l1-2) 4 2{k+1){1—2,0)m)- ,

mo = tanh
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The function of dream sleep

COMMENTARY

Francis Crick* & Graeme Mitchison*

We propose that the function of dream sleep (more properly rapid-eye movement or REM sleep) is to
remove certain undesirable modes of interaction in networks of cells in the cerebral cortex. We
postulate that this is done in REM sleep by a reverse learning mechanism (see also p.158), so that the
trace in the brain of the unconscious dream is weakened, rather than strengthened, by the dream.

MANKIND has always been fascinated by
dreams. As might be expected, there have
been many attempts to assign a purpose or
significance to them. Although we dream
for one or two hours every night, we do not
remember most of our dreams. Earlier
thinkers, such as Freud, did not know this.

is explained in more detail below. Without
it we believe that the mammalian cortex
could not perform so well.

We first describe our ideas about the cor-
tex followed by a brief account of neural
networks. Next we outline what is known
about REM sleep. (For general accounts,

to go into large-amplitude instabilities’.

Neuronal networks

Now, if one asks what functions such richly
interconnected assemblics of cells could
serve, one attractive possibility is that they
could store associations®®. To see this,



VARIATIONS ON THEME:

Neural Networks
Volume 112, April 2019, Pages 24-40

Dreaming neural networks: Forgetting
spurious memories and reinforcing pure ones

Alberto Fachechi * B: &, Elena Agliari 9- *&, Adrianc Barra > 2“2 &= nture
S CIETI0N

International journal of s
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Letter | Published: 14 July 1983

‘Unlearning’ has a stabilizing effect in
collective memories

J. J Hopfield, D. I. Feinstein &R. G. Palmer T2

The function of dream sleep ,
Francis Crick* & Graeme Mitchison* |

We propose that the function of dreamn sleep {more properly rapid-eve movement or REM sleep) is to
rermove certain undesirable modes of interaction in networks of cells in the cerebral cortex. We
postulate that this is done in REM sleep by a reverse learning mechanism (see also p.158), so that the
trace in the brain of the unconscious dream is weakened, rather than strengthened, by the dream.

Associative recall of memory without errors A
| Kanter, H Sompolinsky - Physical Review A, 1987 - APS

A neural network which is capable of recalling without errors any set of linearly independent
patterns is studied. The network is based on a Hamiltonian version of the model of
Personnaz et al. The energy of a state of N (1) neurons is the square of the Euclidean ...

¥r D9 Cited by 392 Related articles All 12 versions




A first crucial contribution to frame this idea in Al was achieved by Hopfield himself (with
Feinstein and Palmer [36]), and can be snmmarized as follows: the spin-glass transition occurring
as a increases beyond a. ultimately originates from the fact that the number of spurious states
are exponentially more abundant than the number of pure states (regardless their depth in the free
energy landscape), such that, making a quench from infinite to zero temperature, the system would
get trapped with higher probability in one of these mixtures. By sampling a number of these final
configurations, one can measure the average pairwise correlation (0,0;),,;., for any i and j. Next,
one updates the coupling matrix performing an nverse Hebbian rule so that these mixture states
are effectively removed:

P
€ 1
Jis = Jij = 550105 )mix = NZ <o,a,>.,.., (1.10)

where € is a tunable (but small) parameter called unlearning strength. Such a procedure should be
iterated in order to progressively clean the free-energy landscape from these traps.” The minus sign
in (1.10) is responsible for the so-called unlearning process. A further motivation for the analogy
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Yes, androids do dream of electric sheep

Google sets up feedback loop in its image recognition neural network -
which looks for patterns in pictures - creating hallucinatory images of
animals, buildings and landscapes which veer from beautiful to

terrifying

Processo di Unlearning

Algoritmo 6.1. Data una rete neurale G dove la matrice del potenziale
sinaptico J é costruita tramite la regola di Hebb sullo spazio degli stati
= {11}V, st definisce il processo di unlearning di tasso € come seque:

1. Si inizializza la rete neurale in uno stato casuale o € ().

2. Si trova lo stato di equilibrio & € (2 dell’evoluzione neurale rispetto al
potenziale sinaptico J.

3. Si aggiorna Vaccoppiamento sinaptico Jij « Jij = Jij — %0i0;

perdst g (§5=1,....N).

4. St ripete dal punto 1 (se non ¢ verificata una qualche condizione di
lU'I‘I‘Tﬂt()z).
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Definition 1. The reinforcement&remaoval algorithm we propose has the following

represeniation.” e
l A‘ Jv p p l + t o0 noz oo ﬂ.-.m 010 212 0l
Hyrlole) =55 33 33 84 (556 ) o (21)

where the P patterns {£# ],

p. have N binary entries £ € {—1)\+1}, withi € (1,...,N), drawn

ccccc

Jrom i 1.0
P =+1) = P(gf' =-1) = 5, osh

and the corvelation matriz is defined as ~ 0‘6;\

04f N

A\
02 AT
= B ETEF. e
N ,Z_; G 280 0.2 0.4 0.6 0.8

NN PR
ZWP(Ulé l')—z —A3H~ plols o) Zexp 2'\ Z z é“g) (I_l,.tC') gioj| . (2.2)

(o) [} t,7=1p.r=1
by which we can introduce the main observable, namely
Definition 2. The nfinite volume limit of the intensive free energy A(a, 3,t) associated to the
model (£2.1) 15 defined as

Ale, B, t) = — ]lm 3—\Eanv plalé. 1). (2.3)



Theor. In the infinite volume limite, the RS pressure related to the RR model can be expressed in
terms of the natural order parameters of the theory as

_ Bm? t (1+t)(A—-1) logA  apBpt
f53. = log2— 5o )( <) - -~ 8§ +E, mgabhf—un+vf_)]— ot LR
¥ R, —,_82 _A o/ p e o —r

Prop. Using the standard variational principle v f,3 ~.t = 0, we obtain the set of self-consistent egs

141
m = B, tanh [—(m+\/_77)]
& 7(1+1)?
P 7 m-Ba+nE-Pr
A = ot .
T Ear oG-
- R t 1 - o} S
A2 tA apt® — m2t(t 4+ 2A) 2a3pt 2B _
" = dpRen (1+1)2 ~AEDa [K('"'+ ‘/‘7’”)]'

Theor. The ergodic region of the RR model is delimited by the following critical surface in the space

of the tunable parameters
1 A?
Pe = 1+t[1+\/c_u+tA]’

A = 1++a(l+ Vot




Numerical checks

! ! a — 0.32
—
— = 0,1 v

g05} __,— £0,5

— =10
= 100
— = 1000
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0 0.4 0.8 1.2 0 04 0.8 1.2 0 04 0.8 1.2
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Average values for the Mattis magnetization m corresponding to the retrieved pattem &; obtained from MC simulations run for
different choices of the parameters (P, T, ) and setting N = 5000, M= 10.

Average values for the Mattis magnetization m; corresponding to the retrieved pattem &, obtained from MC simulations for
fixed PIN = 0.08 and M = 10. Different sizes (N = 500, 1000, 5000) are considered and compared to the theoretical solution
obtained in the thermodynamic limit under RS hp.
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B Retrieval region gets wider

- Spin-glass (where slow noise, i.e., spurious states, prevail) region col Iapses

Ergodic (where fast noise, i.e., purely random states, prevail) region gets wider
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Figure 1. Critical linefor the transition between retrieval and spin-glass phases for various values of the
m the left to the right: ¢ = 0 (Hopfield, black dashed line), 0.1, 1 and 1000. The

rves tracing the boundary of the maximal retrieval regions where patterns are global free

unlearning time.
inset shows tw
(inner boundary) or local free energy minima (outer boundary) in the long sleep limit.

Confined to symmetric interactions this is the

best you can achieve (alpha=1, i.e. P=N).

_ Hopfield Limit )






