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In this talk, | will not look forward , | rather look backward : the world of Hebbian U1J qt u
OUTLINE OF THE TALK:

Point 1) Economy on synapses
-Pavlov learning viautoassociative neural nets [Hopfield] (requires O(N~2) synaptic updates).
-Pavlov learning vidheteroassociative neural nets [Kosko] (equires O(N”0)synaptic updates).

-Networks of neural nets: from pattern recognition to pattern disentanglement.

Point 2) Economy on datasets

-SleepyHopfield model: up to 90% of datasetsavingpreservingthe same performances of the @wake» counterpart.

Point 3) Economy on neurons

-From op-amp to iontropic memristors (work in progress!)

Adriano Barra., -assadiative vshetero-associative neural networks, Roccella 3.0, 02/33



Part one: focus on tis/napses



CONDITIONING

Pavlov's Dog Experiment

BEFORE CONDITIONING
Born Died : ,
‘ 27 Feb W . g ” —_— -
26 ept 1936 % ' '/(_. / | y— \
ey Saint E £ / : g (f /
Ryazan, Russia Petersburg,... y ; - '
Unconditioned Unconditioned Neutral No
stimulus response : stimulus response

_____________________________________________________________________________________________________

DURING CONDITIONING : AFTER CONDITIONING

Born Died P ,
/’,7 :
20 Aug <] o _ ,

. /
22Jul 1904 1985 N[/ S' b y/
Chester, Chester, = i' & A //I
Canada Canada ! ] : v
Food + Bell Unconditioned : Conditioned Conditioned
response stimulus response

Important: note that different neurons are involved (e.g.eyes vs hears in this example)
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Intro: Pavlov withtwo bits (not two patterns/concepts)

Dynamical equations (for both the neurons and the synapses): the neural timescale is 7 while the
synaptic timescale is 77 and clearly 7" >> 7. 1
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Parenthesis. dothese equations account for Patterns (information to be stored in the synaptic matrix):

c Y Gn RIBaining ruleas well? (yes) 5; =[-1, =1, =1, +1, =1, +1, =1, +1, +1, —1]
[is the limit Hebb?] £ =1[-1, -1, -1, =1, +1, -1, =1, =1, +1, —1]
External Field h
1.0 - ; — ; = ; i hs
0s | ! ! ] ::

5
W

= 5 g | h
-=- m = ) = gEm— 6
; h;
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Matrix J: evolution at the end of each segment

Segment 1 (t=0.0-10.0)

.i05
-0.5
2 4 B 8 10

i

o

co

Segment 2 (t=10.0-20.0)

0.5

-0.5

Segment 3 (t=20.0-21.0)

2

Hebbian matrix (pattern)
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Patterns (information to be stored in the synaptic matrix): 0 0 0.2000 0 0 o 0.2000 D -0.2000 0.2000
1
o1 1. —1. 41, —1. 41, —1. 1. +1. —1 0 0.2000 / 0 0 0 0.2000 0 -0.2000  0.2000
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~Adriano Barra, -assadm@mtive vshetero-associative neural networks, Roccella 3.0, 06/33



x 1J apawtface Classical Conditioning within Statistical Mechanics:

the standard Hopfield model can not be the correct reference.

What do we need?

Pavlov’s Classical Conditioning

Hebb's learning

Correlations between concepts

Correlations between pairs of
neurons

Patterns of bits

Single bits

Neutral stimuli associated with
unconditioned stimuli

simultaneous activation of cells
increases the synaptic strength.

Synapses store the correlations
between concepts

Synaptic modification by
correlated acrivity

o pu—

1 ~ ”~
— % "'.I Y ‘
| I|
3 4
) - N YN
l JIJ""I' ‘?!%:z" \\ I L-L-I'I!.I ( ?!{?_; \
. ; "'-I ) % \

(+1,—1,—1,—1,+1,+1,+1,—1,—1,—1,+1,+1),
(+1,—1,—1,—1,4+1,+1,+1,—1,—1,—1,+1,+1). ™~ Patterns in theHopfield model involveall the neurons, this is the problem

One Bit Storage via Conditioning

hy

g

ha

o

= 01
~

0.0

Different Degrees of

information

We needto generalize
the previous scheme
and supply ieces of

information» andnot just
bits to DIFFERENT
neuronsin the network,

e.g.

and
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Multi-tasking associative networks: patterns with diluted entries

13 14 -0
—1 —1 0 P )
3 - P — e | 2 emergent parallel processing
9 | : o s o Z T is the most convenient
+1 11 o L
’ +1 2= | o 1
i 2 Fopps = —771‘12 — rn% — —(5)2 + randor — .25,
=% 0 -1
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% : 0 {__ +i E Eh,pg = —mj] — m2 — —(§) — (3) — .50.
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1 —d)?
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week ending

PRL 109, 268101 (2012) PHYSICAL REVIEW LETTERS 28 DECEMBER 2012

Multitasking Associative Networks

Elena 1‘\1.{1iv.ri."2 Adriano Barra,’ Andrea Galluzzi,’ Francesco Guerra,”* and Francesco Moauro®
'Dipartimento di Fisica, Universita degli Studi di Parma, viaie Usberti 7/A, 43100 Parma, Italy

*Istituto Nazionale di Fisica Nucleare, Gruppo Collegato di Parma. 43100 Parma. Iraly
‘Dipartimento di Fisica, Sapienza Universitd di Roma, Piazale Aldo Moro 5, 00182 Roma, haly Along thepaSt decade,

we worked out the theory
of multitasking

*Istituto Nazionale di Fisica Nucleare, Gruppo di Roma, 00182 Roma, Iraly
(Received 25 February 2012: published 26 December 2012)

week endmng

PRL 113, 238106 (2014) PHYSICAL REVIEW LETTERS 5 DECEMBER 2014 associative networks
quite extensively. thisis a
Extensive Parallel Processing on Scale-Free Networks better reference confined
Peter Sollich," Daniele Tantari,” Alessia Annibale,"’ and Adriano Bama® within «@utoa-ssociative
'Department of Mathematics, King's College London, Strand, London WC2R 2LS, United Kingdom i
:l)ipnrtinwnln di Matematica, Sapienza Universita di Roma, Piazzale Aldo Moro 2, Roma ) IXS, Italy memorles»_'
]lnslilulejor Mathematical and Molecular Biomedicine, King's College London, Hodgkin Building, London SE1 1UL, United Kingdom Are there altern a'“ves to
‘Dipartimento di Fisica, Sapienza Universita di Roma, Piazzale Aldo Moro 2, Roma UOI85, Italy . ..
(Received 13 April 2014; revised manuscript received 10 November 2014; published 5 December 2014) auto-associative
week ending neural networks?
PRL 114, 028103 (2015) PHYSICAL REVIEW LETTERS 16 JANUARY 2015

Yes. Thehetero-
associative oness

Retrieval Capabilities of Hierarchical Networks: From Dyson to Hopfield (vide infra)

Elena Agliari,’ Adriano Barra,' Andrea Galluzzi,” Francesco Guerra,' Daniele Tantari,” and Flavia Tavani’
Dipartimento di Fisica, Sapienza Universita di Roma, Piazzale Aldo Moro 2, 00185 Roma, ltaly
*Dipartimento di Matematica, Sapienza Universita di Roma, Piazzale Aldo Moro 2, 00185 Roma, Italy
"I)ipartimenm SBAI (Ingegneria), Sapienza Universita di Roma, Via Antonio Scarpa 14, 00185 Roma, Italy
(Received 9 July 2014: published 16 January 2015)
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Emergence of concept’s correlations by Classical Conditioning

Auto-associative networks store the

' . . . - | correlations amongthe two patterns
: : by updating O(N”~2) synapsesThisis
o because the Hopfield model is pure
= distributed processing, all the
= -1 neurons share thesame importance.
= 7317 n= 10314 n= 10818 o= 20000
h2 )3'21 + hz

Convergence of the Synaptic Dynamics to the Hebb
8 =100, = 0.06, 7/7' =107

J::Z'i ! T v
L — — N=30
e — _
& — =, ] — N =100
T ) N\ — N =400
T 0-“% ‘ N =800 1
; OZE * Obsessions
5"'1;"1 (.7) &€ B, e e e
i L 0 I 2 3 3
J({gl §2}) 1 g Jl J(mlx} , (§l+2) ‘51.35?!.2 (i.j) € B,
T — .. = 4
; | i) o '
2 J(‘le) JE ‘;:ilgfz (i.j) € Bmix
g2 o+ -
EIEE (j.i) € B, Do better alternative routes
) L exist? Yes,hetero-
The synaptic matrix converges to the temporal mean of the stimuli J;(1) = T[ SOt dt’ associativitys LU
0
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A shortdigression
DualitybetweenHebb and RBM



Arethere possible alternatives? Yes!u Y t tn¥twdrks Preable: we haveto rely upon duality between
(lam indebted with Aurélien and Beatrizas they let me knowthis) Hebbian recurrent networks andRBMs(4 slides] )

Hopfield Network

Boltzmann Machine

2" +o0o P 3 N,P 27 3 N.N
Z Z : | | — = E i ffo:l;z z : S O P_ FelMg. o
i B / dﬂ(zp)e N " noo_ €2N Zz,_j (Z,u_l 51 53 ) J — :ZHopffield
o YT u=1 o}
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Revisitingthe Aut-Aut among
«Distributed Processing and kocalist Representations»

The «take home» message 1s that the dual representation of the
Hopfield net 1s a RBM with grandmothers

B ST L

P(O’,Z) X exXp —5 Zi +ﬁ g
2z i1 i \
ﬁ N.N 1 K
il s E Mo L
— !~J # — ‘\\ Hopfield Network
"\\\ N
nature Vol 435123 June 2005|doi:10.1038/nature03687 \\\; \P{( RBA4)(0. z’E) o 7]7 i i C"‘” 7
LETTERS = ‘ =i
\‘\\ K N.N

Invariant visual representation by single neurons in H2M) (o|€) = —% > Z gl'et o0
the human brain p=11j=2

R. Quian Quiroga'~f, L. Reddy’, G. Kreiman?, C. Koch! & I. Fried>*
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A (probably trivial) observationin Machine Learning

>

NN K
_.:V ‘ ' +]‘ y
H(ol|§) = zlvzzgﬂfua =3 Z"’Li Lli(ﬂ"):ﬁllf“:}:ffnzzljzm.u

K
(HNN) - AT H L
= (o|J) = —N E (1 — LI L7 ),
Integral path... = Derivative path...
where the term LY L" guarantess that it learns both the

pattern &# and its gauge svminetric copy —&*.

Cost Function in Statistical Mechanics I Loss Function in Machine Learning

| ] ]
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Another (probably trivial) observationin Neuroscience
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(pr.pe,) = {(pmod L, [p/l])
r
. |
Sty Jhps)
et i )
!
-~ / -
Sy 1) ‘/ ey 1)
o
.
) Sl My
1 l
10 4o
A place cell #128 10
®
15 P a
&
0 2 A =0 “
ES
- -
25 Ao @ A 4 a A
y A o 0
20 *e, ol 2 y
° A ¢
15 * A & place cell #1059 40 A
A ® e
10 4 &
&
o A
s
o ®
A -
0 0 T
( o 20 30 i0 0 o0 a0 et B0 100
X X

Analytical Methods for Continuous Attractor Neural Networks

Martino Salomone Centonze' - Alessandro Treves®? . Elena Agliari* -
Adriano Barra®

. Reduced LTP

PRL 115, 098101 (2015) PHYSICAL REVIEW LETTERS

week ending
28 AUGUST 2015

Transitions between Spatial Attractors in Place-Cell Models

ENTOrNINGal — . e R. Monasson and S. Rosa

Grid fields
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' Low J,
Enhanced LTP
Larger fields
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On the supra-linear storage in dense
networks of grid and place cells

Adriano Barra ® ° €, Martino S. Centonze @ & &, Michela Marra Solazzo ¢, Daniele Tantari ¢
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End of theligression

Nowwe extendit towardheteroassociativeets



Auto-Associative coupling
The BAM model? - o

2 From the Hopfield Model to the BAM IHL bb __

,u ,u
HB AM ' S 7 o

vy (0,7[€m) = = EZWMHM

i=1 j=1

Hetero-Associative 1.01113111131

Wi, =

Wij = D & ()
Nﬂj o t+1 _ ( W t)
'U. T S1g1 Z ij T

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS, VOL. 18, NO. 1, JANUARY /FEBRUARY 1988

Bidirectional Associative Memories

BART KOSKO, MEMBER, IEEE !_1,
e . e . m,u E g 04, nf/ § :7737-3

A statistical investigation of bidirectional associative memories
(BAM)

K
1
T
\/NTZ”J

J. Kurchan ('), L. Peliti (* *) and M. Saber (%)

aSsSaR S menones reTenet - gRAM = (0,716,m) = —VNM Y my(o)n, (1)

Adriano Barra'~ , Giovanni Catania’*™ 2
Aurélien Decelle™* and Beatriz Seocane
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The BAM model The duality for the BAM:
2 From the Hopfield Model to the BAM 1 BAM = 2 (coupled) RBMs

RBM representation

2" sy yz K. M
fsau)(& n) = j D(gz ) exp [1 [ — E oz, + "’iﬁ E n{"ﬁzL] (<)
{et. {1} Ji=1 e di—1
RBM RBM
where @ 3 - !

dz, d — e
'D{zg’f] _ l—[ Z;WZ exp [_— ZZ,U.Z ] :’/ c =

=1

Statistical mechanics of learning via reverberation in bidirectional
associative memories

Martino Salomone Centonze ", Ido Kanter ", Adriano Barra =

* riparvirmernie oi Mafernotica e Fisice, Uriversitdg del Salendo & Istiiuioe Nasionale dif Fisica Nocleare, Leccoe, Jtaly l ]_ .
P Depwrrrrriernt of Phyvsics, Bar-flan Universicy, Rarreal Gare, Israel m.!! —_ E ff"’o—r ﬁt.ﬂ! — EF E i 0_]
I M~ 1 I I J-
: F 1 2 — — (1) (2
Prane (o, 7) o< exp (;‘]‘ E 1 (o) () | = I I exp (S (o), (T)) q12 = E gl': ) !{ Y 42 =5 E : ;: jgj ¥
K
. 1
S + +— Pz = — E :ZL.” E?}, Pz = K "ﬂ”*-l':z]
exp [Bxx] = dzdzTexp | —Bzz" + Bzx + PzTx]| . K= e
i

| Adriano Barra, -assadm@mtive vshetero-associative neural networks, Roccella 3.0, 17/33 |



First (useful) application of the BAM:

N
\ \a:( [

BAM: applications Pavlov’s Classical Conditioning
2 From the Hopfield Model to the BAM
Conditioning via auto-associative Hebb (e.g. Hopfield)

Conditioning via hetero-associative Hebb (e.g. Kosko)

----------

l input
b

il

L]

There 1s no concépt of «grand mother» cell in
Hopfield (all neurons play the same role)

{ i 1M

a1 n 2159 10314 " IORIR

BARAR R A
-
-
-1

SRR RE Rt e

@

“E.Agliari et.al. “From Pavlov Conditioning to Hebb Learning”. Neural Computation 35(2023).

Canwe use them beyond pattern recognition? Yes,but we need (at least) three layers
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TAM model

3 Fromm BAM to TAM

Hamiltonian of the TAM model

K K K
HIW) (o, 7, #1€, 1. %) == —arVNM > my(o)nu(T)—azVNL > _ mu(o)l.(¢)—asVML > nu(m)l. (&)

= = e
Note that each layer accounts for different pattern ensembles (easy casel) (6)

s S gy o E N S M
Ma == 57 E o, ny = M E T, lu = T E Xie D . S .
- - o - RSO ET R o
and {eF Y InH L {1 are depicted from LTINS N X AV 7 %
{EI } {?’L } {r"‘.i } P .. \\!‘*\.i‘“f#'{/‘!! - -
1 1 ' "@:ﬁ"‘tﬁ?ﬁ‘fiﬁ 7V
P) = Sol&f — 1)+ 0@+ 1) RN e 22 N
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2,7 P .k p 3.k e

Adriano Barra, -assadm@mtive vshetero-associative neural networks, Roccella 3.0, 19/33—



TAM model

3 From BAM to TAM

RBM representation

9N oM 5L 3 K.N 3 K.M 3 K,L
Zanar > (E:11. %) = D f D(zws) exp [\/'27‘; >° roza /55 D nfmsh 4+ 4/ 52 30 x,f‘(j)iw};]

{o}r.{7}.{} pesi=1 =1 pei=1
(7)
six layers are required now
K
where =)
K dz,dz! dw, dw! ds,ds! s <
D(zws) = [] L (2*;)3“' = exp = E Z,LZL-F
= =1 =
N
2
+wp,wl, + susl, —wp,zl, — 5,21, — suwu)] =
K (™
K
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TAM model: applications

3 From BAM to TAM

Disentangling of the input signal

-
Q“ ¢
- 'O

‘ l L L 73 .. 8 %
CF = == ¢ m— Slgn (5’ .+_ C/ + n, ) \/ ‘.. ", \.‘ @ s‘.
o /7,0(/ 3 2 » b \)\'/ O
@ @S
Here we are working in the random setting and o 3 R Lo

‘ . . O

’ . . %\Q‘

> Al
. -
’ . Al
’ 4 .
4 ’
. ’ . .
-
4 « > ~
' .
-

with each layer dedicated to a class of patterns

Architecture of the hidden computational core Hetero-associative spu rious states (not Hopfield yet )
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TAM model: applications

2 From BAM to TAM

Disentangling of the input signal

(o.7.¢) = (&". ¢ ")

1.0 4

—
E 0.5 £2
o

— Fa
0.0 A
1.0 —
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£ 0.5 - - :

— {4 H i
o= PO@®@
1.0 4 . '

S— . .

— 1 - U

[
£ 0.5 — a2 —
—= r=a—
- 2 n
=
(]

The network correctly takes as input a 3-mixture spurious state and returns each

one of the 3 patterns on the (related) dedicated layer as long as there is the
concept of pattern (i.e. the network has to be in the retrieval region)...
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TAM with penalization: application Y, = sign(£1 +£2 +£3)

4 TAM with penalization

Accuracy on synthetic dataset here = 100%

«networks of neural networks»: the more is different...

rork perfectly disentangles spurious states produced by Hopfield!

This ne

:’: f*‘-’ 5 = 120
v ":.’.‘ ' '--_.“‘@ *,.""‘ » - 4 =
$ @ Z 06
\\ & /.@ g usa:;
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\/ ......... o ) -
o660, ;
r» @
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! Y is the input provided to the network
H(o,7,¢) = —N Z (rn (o) +m (T) + m? (d))) — ']Z (Y(l)a, E Y(z)'r, + Y“)d) )

p=1 §=1
where ;") = Y® =Y =sign [¢} + €7 + £7]
+N — Z (mu(oc)mu(7) + myu(o)mu(@) + mu(7)mu(@))
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Parttwo: focus on datasetaving



Supervised Hebbian learning

Let us start with the theoretical approach and introduce
the information the network has to deal with: we define
K archetypes denoted with &, u € {1,..., K}, as binary
vectors of length N and whose entries are i.i.d. variables
drawn from

1Lsa
P(&) = 5864 — 1) + 58(&4 +1), o 1 E

for any i € {1,--- ,N} and x € {1,..., K}, then, for each
of them we generate M examples n#*, a € {1, ..., M}, that
we obtain by corrupting the archetype flipping its digits
randomly as

77£l.(l p—— gftxi:t(l,’ (2)

= 1+ e 1 —17r i
P(xi?) = (Xt — 1) + 5 (x5 +1) (3)

2

for any 2, u,a, being r € (0,1] a parameter tuning the
quality of the sample. We now feed the HNN on the
dataset & = {7]““}2‘_:‘11:‘.'_'_‘_% and. for this operation to
be unambiguous, we also need to specify how these
examples are presented to the network, mirroring su-
pervised and unsupervised learning.

Each archetype -out of P- is used to generate M examples of that pattern at some noise r.
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Hebb: Integral path toward learning

:;‘"«Z(Zn )(Z ) (4)

AGS Hebbian Storing.
K

Jij =) ELES

_1 a=1

Unsupervised Hebbian learning. Without a teacher that
tells how to cluster examples, we mix them up obtaining

o 323 e ®)
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Control parameters:

B =1/T ,a = K/N |p=(1—r2)/ﬁf?"2

Order parameters: 1 o~
B m = ﬁ;gi‘,o‘iv
1 1 NN o
qiz2 = ;T i G‘E”J?},
a(q)
m — [E. tanh n z n)=2
o t {’B<)+ 5\/()p+[l—ﬁ(1—(q>)]2}
(ny = Sl
(1 +p)—pBQA —(q))
— E. tanh? 0 z n)2 a({q)
(a) tanh {5<>+ 5\/<>p+[1_5(1_<q))]2}
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AGS Hebbian storing theory is recovered in the limit of high-information (zero entropy) datasets.
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N N P P
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