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Abstract

The mean field Hopfield model is the paradigm for serial processing networks: a system able
to retrieve, one at a time, previously stored patterns of information. On the other side, mul-
titasking associative networks (retrieving several patterns of informations at the same time)
are crucial for the understunding of real biological systems and for the development of parallel
processing artificial machines. In this thesis, I will introduce two different ways to build paral-
lel processing associative networks: by diluting the patterns entries (Diluted Hopfield Model)
or by introducing a topological structure (Hierarchical Hopfield Model) towards a non mean-
field interaction among agents. From a statistical mechanics perspective, passing through the
analogy between the Hopfield model and a bipartite spin glass system, we analyze, in the
former case, the capability of the network by varying the level of load and dilution (from low
to high storage, from fully connected to finite connectivity regime), while, in the last case, we
investigate the possibility of switching from a serial to a parallel processing regime by varying

the level of the temperature.
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Introduction



The study of the principles behind the information processing in complex networks of
simple interacting, decision-making agents, be these cells in biological systems ( for example
neurons in brain and other nervous tissues or lymphocytes of the immune system ) or com-
ponents in artificial networks (electronnic processors or even softwares), is considered as one
of the most interdisciplinary scientific challenge. The reason is that in this multifaced area of
research, that involves biologists (particularly neuro-biologists |92, 99| and cognitive psycholo-
gists [52, 74]), computer scientists and engineers (mainly interested in electronics and robotics
[67, 81]), physicists (mainly involved in statistical mechanics and stochastic processes|15, 69])
and mathematicians (mainly working in learning algorithms and graph theory [47, 2|), each
discipline gets and offers at the same time something interesting and worthwhile for the col-
laboration with the others: biologists benefit of the new tools offered by the more quantitative
sciences, computer scientists or engineers find inspiration from biology and techniques from
physics and math, physicists and mathematicians meet new interesting challenges, developing
new theories and discovering other application domains. Howewer, this kind of interdisci-
plinarity has also its drawbacks: it is very difficult to keep the disciplines involved connected
each others, beacause of the existence of language barriers or motivation differences, and,
as a result, several important discoveries have to be made more then once, before they find

themselves recognized as such.

Historically, the term complex network have always had a biological flavour being first
associated to the neural one: the study of neural information processing systems probably
started with the birth of programmable computing machines around the second world war.
It came to be realized that programmable machines might be made to think, and, conversely,
that human thinking could perhaps be understood in the language of programmable machines.
According to this framework, the brain (or alternatively an other biological network) is con-
sidered as a piece of hardware, performing quite sophisticated information processing tasks,
using microscopic elements interacting each others. On the other hand biological networks
and conventional computer systems have a lot of differences. For example, in conventional
computers each individual operation is performed, as a rule, sequentially, so that failure of any
part of the chain is mostly fatal, in contrast with biological networks where microscopic agents
operate in parallel. An other important difference is that conventional computers can only
execute a detailed specification of orders, the program, requiring the programmer to know
exactly which data can be expected and how to respond, while biological network can adapt

quite well to changing circumstances. Finally there is biological robustness against physical



hardware failure.

Roughly speaking, one can distinguish three types of motivation for studying neural net-
works. Biologists aim at understanding information processing in real biological networks;
Engineers and computer scientists would like to use the principles behind neural information
processing for designing adaptive software and artificialinformation processing systems which
can learn and which are structured in such a way that the processors can operate efficiently
in parallel; theoretical physicists and mathematicians are challenged by the fondamental new
problems posed by neural network models, which exhibit a rich and highly non-trivial be-
haviour.

Tracing the genesis and evolution of neural networks back in time is very difficult, probably
due to the broad meaning they have acquired along the years: scientists closer to the robotics
branch often refer to the W. McCulloch and W. Pitts model of perceptron [75] (or the F.
Rosenblatt version [93]) as the first systematic investigation on the information processing
capabilities of neural networks, while researchers closer to the neurobiology branch adopt
usually the D. Hebb work as a starting point [68]. On the other hand, scientists involved in
statistical mechanics, that joined the community in relatively recent times (after a satisfactory
picture of spin glasses was achieved [79, 88|), usually refer to the seminal paper by Hopfield
[70] or to the celebrated work by Amit, Gutfreund and Sompolinsky [16], where the statistical
mechanical analysis of the Hopfield model is effectively carried out.

The Hopfield model rapidly became the "harmonic oscillators" of parallel processing: neu-
rons, thought of as "binary nodes" (spins) of a network, behave collectively to retrieve infor-
mation, the latter being spread over the synapses, thought of as the interconnections among
nodes. However, common intuition of parallel processing is not only the underlying parallel
work performed by neurons to retrieve, say, an image on a book, but rather, for instance, to
retrieve the image and, while keeping the book securely in hand, noticing beyond its edges
the room where we are reading, still maintaining available resources for further retrieves as
a safety mechanism. Standard Hopfield networks are not able to accomplish this kind of
parallel processing |4, 6, 13]. Goal of this work is to relax this kind of limitation so to extend
standard Hopfield model, the paradigm of neural network, toward multitasking capabilities,
whose interest goes far beyond the artificial intelligence framework [95, 3, 5, 8|.

Before proceeding, we recall some interesting results about the standard Hopfield model.
To this task, following [29], we start from the Curie-Wiess model, showing that toy models for

paramagnetic-ferromagnetic transition [9] are natural prototypes for the autonomous storage/



retrieval of information patterns in neural networks model, studied from a statistical mechanic

point of view.

Storing the first pattern: Curie-Weiss paradigm.

The statistical mechanical analysis of the Curie-Weiss model (CW) can be summarized as
follows: starting from a microscopic formulation of the system, i.e. N dichotomic spins
o; € {—1,1}, i = 1--- N, their pairwise couplings J;; = J, and possibly an external field h,
we define an Hamiltonian
g X
Hy(o|J,h) = —NZUZ‘O']‘ (1)
1<j

and derive an explicit expression for the (macroscopic) free energy

2N
AB)= Jim Y exp[~BHn (o], )], (2)
=

where the sum is performed over the set {o} of all 2V possible spin configurations, each
weighted by the Boltzmann factor exp|—BHy (c|J, h)] that tests the likelihood of the related
configuration. From expression (2), we can derive the whole thermodynamic quantities and in
particular the phase-diagrams, that is, we are able to discern regions in the space of tunable
parameters (e.g. temperature/noise level) where the system behaves as a paramagnet or as a
ferromagnet.

Thermodynamical averages, denoted with the symbol (.), provide for a given observable the
expected value, namely the value to be compared with measures in an experiment. For
instance, for the magnetization m(o) = Zf\i 10i/N we have

m(a)e—BHN(c]])
() = =D )

When 3 — oo the system is noiseless (zero temperature) hence spins feel reciprocally without
errors and the system behaves ferromagnetically (|(m)| — 1), while when 8 — 0 the system
behaves completely random (infinite temperature), thus interactions can not be felt and the
system is a paramagnet ((m) — 0). In between a phase transition appears.

An explicit expression for the free energy in terms of (m) can be obtained carrying out

summations in (2) and taking the thermodynamic limit N — oo as

A(B) = 31n11p{1n2 + Incosh[B(m + h)] — %mQ} (4)
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The optimal order parameter, that is the mean magnetization of the system (m), satysfies
(m) = tanh[3(J(m) + h)]. (5)

This expression returns the average behavior of a spin in a magnetic field. In order to see that
a phase transition between paramagnetic and ferromagnetic states actually exists, we can fix

h =0 (and pose J = 1 for simplicity) and expand the r.h.s. of eq. 5 to get
(m) o< £4/0J — 1. (6)

Thus, while the noise level is higher than one (8 < . = 1 or T > T, = 1) the only
solution is (m) = 0, while, as far as the noise is lowered below its critical threshold (.,
two different-from-zero branches of solutions appear for the magnetization and the system
becomes a ferromagnet. The branch effectively chosen by the system usually depends on the
sign of the external field or boundary fluctuations.

Clearly, the lowest energy minima correspond to the two configurations with all spins
aligned, either upwards (o; = +1,Vi) or downwards (o; = —1, V1), these configurations being
symmetric under spin-flip o; — —o;. Therefore, the thermodynamics of the Curie-Weiss
model is solved: energy minimization tends to align the spins (as the lowest energy states are
the two ordered ones), however entropy maximization tends to randomize the spins (as the
higher the entropy, the most disordered the states, with half spins up and half spins down):
the interplay between the two principles is driven by the level of noise introduced in the system
and this is in turn ruled by the tunable parameter 5 = 1/T as coded in the definition of free
energy.

A crucial bridge between condensed matter and neural network could now be sighted:
one could think at each spin as a basic neuron, retaining only its ability to spike such that
o; = +1 and 0; = —1 represent firing and quiescence, respectively, and associate to each
equilibrium configuration of this spin system a stored pattern of information. The reward is
that, in this way, the spontaneous (i.e. thermodynamical) tendency of the network to relax
on free-energy minima can be related to the spontaneous retrieval of the stored pattern, such

that the cognitive capability emerges as a natural consequence of physical principles.

The route from Curie-Weiss to Hopfield

Actually, the Hamiltonian (1) would encode for a rather poor model of neural network as it

would account for only two stored patterns, corresponding to the two possible minima (that



in turn would represent pathological network’s behavior with all the neurons contemporarily
completely firing of completely silenced).

This criticism can be easily overcome thanks to the Mattis-gauge, namely a re-definition
of the spins via o; — @1 o;, Where 5} = +1 are random entries extracted with equal probability
and kept fixed in the network (in statistical mechanics these are called quenched variables to
stress that they do not contribute to thermalization). Fixing J =1 for simplicity, the Mattis
Hamiltonian reads as

N N
HN 5 (0]€) = —%ngf}amg’—hz&lai- (7)
i<j i
The Mattis magnetization is defined as m; = ), ¢lo;. To inspect its lowest energy min-
ima, we perform a comparison with the CW model: in terms of the (standard) magne-
tization, the Curie-Weiss model reads as HGW ~ —(N/2)m? — hm and, analogously we
can write HM@5(5|¢) in terms of Mattis magnetization as HM s ~ —(N/2)m? — hm,.
It is then evident that, in the low noise limit (namely where collective properties may
emerge), as the minimum of free energy is achieved in the Curie-Weiss model for (m) — +1,
the same holds in the Mattis model for (m;) — +1. However, this implies that now
spins tend to align parallel (or antiparallel) to the vector &', hence if the latter is, say,
¢ = (+1,-1,-1,—1,+1,+1) in a model with N = 6, the equilibrium configurations of
the network will be o = (+1,—-1,—-1,—1,+1,+1) and ¢ = (—1,+1,+1,+1,—1, —1), the lat-
ter due to the gauge symmetry o; — —o; enjoyed by the Hamiltonian. Thus, the network
relaxes autonomously to a state where some of its neurons are firing while others are quiescent,
according to the stored pattern €.

If we want a network able to cope with P patterns, the starting Hamiltonian should have

simply the sum over these P previously stored! patterns, namely

P

N
Hy(ol§) =~ > [ S eret | oo, 0

1<j \p=1
where we neglect the external field (h = 0) for simplicity. As we will see in the next section, this
Hamiltonian constitutes indeed the Hopfield model, namely the harmonic oscillator of neural
networks, whose coupling matrix is called Hebb matrix as encodes the Hebb prescription for

neural organization.

!The part of neural network’s theory we are analyzing is meant for spontaneous retrieval of already stored
information -grouped into patterns (pragmatically vectors)-. Clearly it is assumed that the network has already

overpass the learning stage.
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Despite the extension to the case P > 1 is formally straightforward, the investigation of the
system as P grows becomes by far more tricky. Indeed, neural networks belong to the so-called
“complex systems” realm. We propose that complex behaviors can be distinguished by simple
behaviors as for the latter the number of free-energy minima of the system does not scale with
the volume N, while for complex systems the number of free-energy minima does scale with
the volume according to a proper function of N. For instance, the Curie-Weiss/Mattis model
has two minima only and it constitutes the paradigmatic example for a simple system. As
a counterpart, the prototype of complex system is the Sherrington-Kirkpatrick model (SK)
that has an amount of minima that scales « exp(cN) with ¢ # f(IV), and its Hamiltonian
reads as

O"J ZJUO’,LO’J, (9)

Z<j

where, crucially, coupling are Gaussian distributed as P(.J;;) = N[0, 1]. This implies that links
can be either positive (hence favoring parallel spin configuration) as well as negative (hence
favoring anti-parallel spin configuration), thus, in the large N limit, with large probability,
spins will receive conflicting signals and we speak about “frustrated networks”.

The mean-field statistical mechanics for the low-noise behavior of spin-glasses has been
first described by Giorgio Parisi and it predicts a hierarchical organization of states and a
relaxational dynamics spread over many timescales. Here we just need to know that their
natural order parameter is no longer the magnetization (as these systems do not magnetize),
but the overlap qqp, as we are explaining. Spin glasses are balanced ensembles of ferromagnets
and antiferromagnets (this can also be seen mathematically as P(J) is symmetric around
zero) and, as a result, (m) is always equal to zero, on the other hand, a comparison between
two realizations of the system (pertaining to the same coupling set) is meaningful because
at large temperatures it is expected to be zero, as everything is uncorrelated, but at low
temperature their overlap is strictly non-zero as spins freeze in disordered but correlated
states. More precisely, given two “replicas” of the system, labeled as a and b, their overlap qu
can be defined as the scalar product between the related spin configurations, namely as g, =
(1/N) z o%0?, thus the mean-field spin glass has a completely random paramagnetic phase,
with (¢) =0 and a "glassy phase” with (g) > 0 split by a phase transition at 5. = T, = 1.

The Sherrington-Kirkpatrick model displays a large number of minima as expected for a
cognitive system, yet it is not suitable to act as a cognitive system because its states are too

"disordered". We look for an Hamiltonian whose minima are not purely random like those in
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SK, as they must represent ordered stored patterns (hence like the CW ones), but the amount
of these minima must be possibly extensive in the number of spins/neurons N (as in the SK
and at contrary with CW), hence we need to retain a “ferromagnetic flavor” within a “glassy
panorama’”: we need something in between.

Remarkably, the Hopfield model defined by the Hamiltonian (8) lies exactly in between a
Curie-Weiss model and a Sherrington-Kirkpatrick model. Let us see why: when P = 1 the
Hopfield model recovers the Mattis model, which is nothing but a gauge-transformed Curie-
Weiss model. Conversely, when P — oo, (1/v/N) Zf &€ — N0,1], by the standard central
limit theorem, and the Hopfield model recovers the Sherrington-Kirkpatrick one. In between

these two limits the system behaves as an associative network.

Such a crossover between CW (or Mattis) and SK models, requires for its investigation
both the P Mattis magnetization (m,), u = (1,..., P) (for quantifying retrieval of the whole
stored patterns, that is the vocabulary), and the two-replica overlaps (q.p) (to control the
glassyness growth if the vocabulary gets enlarged), as well as a tunable parameter measuring
the ratio between the stored patterns and the amount of available neurons, namely a =
limy o P/N, also referred to as network capacity.

As far as P scales sub-linearly with N, i.e. in the low storage regime defined by o = 0,
the phase diagram is ruled by the noise level 3 only: for 3 < . the system is a paramagnet,
with (m,) = 0 and (gqy) = 0, while for 8 > (. the system performs as an attractor network,
with (m,) # 0 for a given u (selected by the external field) and (gq) = 0. In this regime
no dangerous glassy phase is lurking, yet the model is able to store only a tiny amount of
patterns as the capacity is sub-linear with the network volume N.

Conversely, when P scales linearly with NV, i.e. in the high-storage regime defined by o > 0,
the phase diagram lives in the «, 8 plane.When « is small enough the system is expected to
behave similarly to & = 0 hence as an associative network (with a particular Mattis magne-
tization positive but with also the two-replica overlap slightly positive as the glassy nature is
intrinsic for a > 0). For a large enough (o > a¢(8), ac(8 — o0) ~ 0.14) however, the Hop-
field model collapses on the Sherrington-Kirkpatrick model as expected, hence with the Mattis
magnetizations brutally reduced to zero and the two-replica overlap close to one. The transi-
tion to the spin-glass phase is often called "blackout scenario" in neural network community.
Making these predictions quantitative is a non-trivial task in statistical mechanics and, nowa-
days several techniques are available, among which we quote the replica-trick (originally used

by the pioneers Amit-Gutfreund-Sompolinsky [16]), the martingale method (originally devel-
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oped by Pastur, Sherbina and Tirozzi [89]) and the cavity field technique (recently developed
by Guerra in |25, 26, 30]).

Although the Hopfield model has been extensively studied since it was introduced in [70],
both from a physical [17, 33, 47, 51| and a more mathematical [14, 89, 90, 34, 35, 36, 37, 96, 97|
point of view, from the rigorous perspective many points about its properties remain unsolved,
which also prompts further efforts in developing new mathematical techniques and different
physical perspectives. Obtaining rigourus results is simpler if we introduce an analogical ver-
sion of the standard Hopfield model, namely a mean-field structure with N dichotomic neurons
(spins) interconnected through Hebbian couplings whose P patterns are stored according to
a standard Gaussian N[0, 1]. Some of these results can be easily translated for the original
dichotomic model.

Turning to the applied side, despite the fact that in neural networks (in their original
artificial intelligence framework) the interest in continuous patterns is reduced or moved to
rotators (e.g. Kuramoto oscillators [73]), as digital processing by Ising spins works as a better
approximation for the standard integrate and fire models of neurons [39], in several other
fields of science (as, for instance, in chemical kinetics [49, 50| or theoretical immunology [7])
continuous values of patterns can instead be preferred (|33, 46]) and a rigorous mathematical
control of completely continuous models (namely with both continuous patterns and neurons)
has to be certainly considered, for further investigations, as necessary and worthwhile. For
the moment, we limit ourselves in presenting a clear scenario for the hybrid model made of

by continuous patterns and dichotomic variables.
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Chapter 1

Hopfield model and bipartite networks

Within our approach, the equilibrium statistical mechanics of the neural network is shown to
be equivalent to the one of a bipartite spin glass [27, 28] whose parts consist of the original N
neurons (belonging to the first party, hence made of by dichotomic variables) and the other
hand P Gaussians that give rise to the second part (hence consisting of continuous variables).
This is a very useful perspective in order to model real biological networks: in the second part
of this thesis, we will use the fact that a biological system in which two or more parties of
units interact can be be mapped and studied into a marginalized neural Hopfield-like network
concerning just one party. In this way it is possible to read the features of a bipartite systems
in terms of attractors of a neural networks able to retrieve patterns of informations previously
stored.

Before proceeding in that direction, mainly following [25], a walk in the opposite direction
can be very interesting, understanding how an Hopfield model is equivalent to a bipartite

system and investigating the deep relation among this two statistical mechanics model.

1.1 The analogical Hopfield model

We introduce a large network of N two-state neurons (1,..,N) 3 i — o; = £1, which are
thought of as quiescent when their value is —1 or spiking when their value is +1. They interact

throughout a synaptic matrix J;; defined according to the Hebb rule for learning [68, 70|

p
Jig =) Elel. (1.1)

p=1

14



Each random variable &* = {&/', .., € N} represents a learned pattern: While in the standard lit-
erature these patterns are usually chosen at random independently with values +1 taken with
equal probability 1/2, we chose them as taking real values with a unit Gaussian probability

distribution, i.e.

1 enye
du(&l') = N &7z, (1.2)

The analysis of the network assumes that the system has already stored p patterns (no learning
is investigated here), and we will be interested in the case in which this number asymptotically
increases linearly with respect to the system size (high storage level), so that p/N — « as
N — o0, where a > 0 is a parameter of the theory denoting the storage level.

The Hamiltonian of the model has a mean-field structure and involves interactions between

any pair of sites according to the definition

1 &Y
Hy(038) == > D &€} oioy. (1.3)

p=11i<j
1.1.1 Morphism in the bipartite model

By splitting the summations EK] = %Zg—% ZZN d;j in the Hamiltonian (1.3), we can

introduce and write the partition function Zy ,(5;€) in the following form

Znp(B:6) = ZGXP(ZNZZ§“€“%% 2NZZ§“ ?) (14)

p=1 ij

= ZN,p(ﬁ;f)eWZu:IZL(gy)

where 8 > 0 is the inverse temperature, and denotes here the level of noise in the network.
We have defined
Znp(B3;€) = Zexp N ZZ&“&“U@ (1.5)

u=1 1j
Notice that the last term at the r.h.s. of eq. (1.4) does not depend on the particular state of

the network, hence the control of the last term can be easily obtained [30] and simply adds a
factor a/2 to the free energy.

Consequently we focus just on Z(8;€). Let us apply the Hubbard-Stratonovich lemma, [54]
to linearize with respect to the bilinear quenched memories carried by the &€’

We can write

d X
Znp(B:€) Z/ Z“ep ”2) ) exp( ﬂ/NZgazzu (1.6)
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For a generic function F' of the neurons, we define the Boltzmann state wg(F') at a given level

of noise 3 as the average
wa(F) = w(F) = (Znp(3; €))7 ZF e~ PHN () (1.7)

and often we will drop the subscript § for the sake of simplicity. The s-replicated Boltzmann

I'x w? x ... xw®, in which all the single Boltzmann

state is defined as the product state Q = w
states are at the same noise level 37! and share an identical sample of quenched memories .
For the sake of clearness, given a function F' of the neurons of the s replicas and using the

symbol a € [1, .., s] to label replicas, such an average can be written as

QF(ct,...,0%) Zs ZZ ZF ) exp( 5ZHN %)) (1.8)

7p ol o2 a=1

The average over the quenched memories will be denoted by E and for a generic function of

these memories F'(£) can be written as

/HHW‘

p=1i=1

H)2

/ F(€)du(¢ (1.9)

with E[g] = 0 and E[(¢/)?] =
Hereafter we will often denote the average over the gaussian spins as du(z). We use the
symbol (.) to mean (.) = EQ(.).

We recall that in the thermodynamic limit it is assumed

« being a given real number, which acts as free parameter of the theory.

1.1.2 The thermodynamical observables

The main quantities of interest are the intensive pressure, defined as

1
Jim Ay (8,€) = =B lim fnp(8,) = lim ~In Zn,(8:€), (1.10)

the quenched intensive pressure, defined as

lim A3, (8) = 6 lim f%,(5) = lim ElnZy,(5:€), (111)

N—oo

and the annealed intensive pressure, defined as

Jim Ay () = 5 lim_fp(5) = Nninw%mEZNm(ﬁ;g). (1.12)
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According to thermodynamics, here fn,(8,€) = unp(8,€) — B tsnp(3,€) is the free energy
density, un p(5,€) is the internal energy density and sy ,(5,&) is the intensive entropy (the
star and the bar denote the quenched and the annealed evaluations as well).

According to the exploited bipartite nature of the Hopfield model, we introduce two other

order parameters: the first is the overlap between the replicated neurons, defined as
N
Gab = Nzo—gaf € [_17+1]7 (113)
=1
and the second the overlap between the replicated Gaussian variables z, defined as

DPab =

"=

p
D zi2h € (—00,+00). (1.14)
pn=1

These overlaps play a considerable role in the theory as they can express thermodynamical

quantities.

1.2 A detailed description of the annealed region

1.2.1 The interpolation scheme for the annealing

In this section we present the main idea of the work, used here to get a complete control of
the high-temperature region: We interpolate between the neural network (described in terms
of a bipartite spin glass) and a system consisting of two separate spin glasses, one dichotomic

and one Gaussian. Note that, by the Jensen inequality, namely

ElnZy,(8) < mEZy,(3),

we can write
1 L B o
Ay ,p < N IDEZ/ H d,u(zu)e\/N Vbl — 19 %log(l - 0), (1.15)
o pn=1

where we emphasize that the integral inside eq. (1.15) exists only for g < 1.

The N — oo limit then offers immediately limy_..c Ay ,,(8) < In2 — aln(l — 8)/2. The
next step is to use interpolation to prove the validity of the Jensen bound in the whole region
defined by the line 5. = 1/(1+4+/«), which defines the boundary of the validity of the annealed
approximation, in complete agreement with the well known picture of Amit, Gutfreund and
Sompolinsky [15][17].

To understand which is the proper interpolating structure, let us note that the exponent of
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the Boltzmann factor yields a family of random variables indexed by the configurations (o, 2).
For a given realization of the noise, H(o,z|) = 4/ % >ip Ginoizy is a randomly centered

variable with variance

E(H(Uv 2’5) (U < |§) Z UzU Zu = BP4oo' D2z -

i
The presence of the product ¢,,/p., in the variance suggests the correct interpolating structure
among this bipartite network and two other independent spin glasses, namely a Sherrington-
Kirkpatrick model with variance qga, and another spin glass model with Gaussian spin and

variance p2_,. It is in fact clear that a proper interpolating structure can be held b
b, prop p g y

on(t) = JbEan/Hdu(zu)exp(\/i\/gzgfaizu) (1.16)

exp (V1—t Bl\/iK +52\/>K

exp (1= 0(p.. — P22,

where we have set
1
= — Z Jijoio;
N -
and

1 _
= — Z Jijzizj
p i

and the average [ is taken with respect to all the i.i.d. normal random variables &;;, J;;, jzj
The interpolation is performed such that for ¢ = 1 the interpolating structure p(t = 1)
returns the free energy of the bipartite model, namely of the neural network, while for t =0
it coincides with a factorization in an SK spin glass and a (suitably regularized) Gaussian one
(see Appendix A); 1, B2, which will be then fixed as opportune noise levels, for the moment
are simply free parameters.

As in [26][64], the plan is now to evaluate the flow under a changing ¢ of the interpolating
structure in order to get a positive defined sum rule by tuning opportunely 31, 32; hence,
if we generalize the states as (.); = K, where the subscript ¢ accounts for the extended

interpolating structure defined in (1.16) we can write

dsoél\;(t) = %%Bp(q)zz)t - <QJa’pzz’>t> — lﬁ% (1 — <q30,>t> + (1‘17)
_ %i 2(<p§z>t - <p§z/>t) ﬁ2< e — §%<pzz>t, (1.18)
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then, calling &« = p/N even at finite size N (with a little language abuse), we can write

don(t
wczlvt( ) _ _Ql + - <ﬁlqgal + af3p’, — 2080501 Drr )i (1.19)

If we now impose on 31, 82 the constraint 3132 = /a8 we get a perfect square in the brackets
of the flow under a changing ¢, and calling S;(av, 3) = {(B1¢oo’ — v/ B2p.-r)?): the source term,
we can write

don

dt > _%5% + Si(a, B). (1-20>

We can then integrate back between [0, 1] to get the following inequality

= i - \/%Ziuffaizu
pn(l) = NIEan Hd,u(zu)e

]Elnz:eﬁ1 K@)

v

_ 7_,_7,[@1 /Hd'u ﬂz\fK(Z) b pzZ eQszz

under the constraint ;02 = /af.

Note that K (o) in the above expression defines the SK-model, while the last term defines the
regularized Gaussian spin glass deeply investigated in Appendix A (see also [60]).

Now the advantages of this interpolation scheme become evident: As we have extremely
satisfactory descriptions of the two independent models, namely the SK and the Gaussian
spin glass, by these properties we can infer the behavior of the neural network (again thought
of as the bipartite spin glass).

In particular, we know that the free energies of each single part spin glass approach their
annealed expression in the region where $; < 1 (98] and § + (2 < 1. Within this region, at
the r.h.s. of eq. (1.21) we get, in the thermodynamic limit, exactly In2 — («/2) In(1 — 3).
Furthermore, if @ and 3 respect the constraint 3(1 + /) < 1, then finding 31, 32 such that
the conditions (A), (B), (C) hold, being

Bif2=+ap (4), /i <1 (B), B+/ <1 (C),

is certainly possible. In particular, using the SK critical behavior for the sake of simplicity,
hence posing ;1 = 1, and setting §2 = /af, conditions (A) and (B) are automatically
satisfied and, for the latter, being By = /a3, we get

B+ =0+ Vaf=p1+Va)<1

such that also condition (C) is verified. We can then state the following
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Theorem 1.2.1. In the «, 8 plane there exist a critical line, defined by

1
1+l

such that for B < B.(c) the annealed approxzimation of the free energy holds

Be(a) (1.21)

N—oo

By, iz
lim ;Eln;/gdu(zu)e(h il ) =In2— gln(l - 0). (1.22)

Remark 1. We stress that the Borel-Cantelli lemma allows straightforwardly to determine
the correct annealed regions for the SK model [98] and, through a careful check of convergence
of the integral defining the partition function, the same holds for the Gaussian case too (see
Appendix A); however, the direct application of the Borel-Cantelli argument on the neural
network gives a weaker result as shown for instance in [30]. The interpolation scheme allows
to exploit and transfer the results for the SK and Gaussian models to the neural network, and
enlarges the area of validity of the annealed expression for the free energy to the whole expected

region, obtained e.g. via the replica method [15].

1.2.2 The control of the annealed region

As a consequence, we can now extend the previous results exposed in [30] to the whole annealed

region: Summarizing, we get the following

Theorem 1.2.2. There exists B.(a), defined by eq. (1.21), such that for f < [(.(a) we have
the following limits for the intensive free energy, internal energy and entropy, as N — oo and

p/N — a > 0:

B i fp(3:6) = lim N7'InZy,(8:€) (1.23)
= 2 (a/2)In(1 - §) - (aB/2),
Jim un(8:6) = — lim NT'95In Zn,(8:€) (1.24)
= —aB/2(1-9)),
Jim snp(8:6) = Jim NI Zn,(8;€) — 59510 Zp(5:)) (1.25)

= In2—(a/2)In(1 - B) - (af%)/(2(1 — B)) - (aB/2),
&-almost surely. The same limits hold for the quenched averages, so that in particular

lim N_lEanNp(ﬁ;g) =In2— gln(l - B)— &ﬂ?
N—oo ’ 2 2
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where, in all these formulas, the last term, namely —af3/2, arises due to the diagonal contri-

bution of the complete partition function (1.4).

Theorem 1.2.3. There exists f.(), defined by eq. (1.21), such that for 8 < (.(a) we have

the following convergence in distribution

In Znp(8;€) —InEZnp(3;€) — C(B) + xS(B) (1.26)

where x is a unit Gaussian in N'[0,1] and

cB) = —%111\/1/(1—0—25204) (1.27)
S(B) = (ln\/l/(l——02ﬁ2a)>é, (1.28)

with o = (1 — )L

1.3 Extension to the replica symmetric solution

Once the correct interpolating structure is understood, and spurred by the observation that
the replica symmetric expression for the quenched free energy of the three models, namely
the analogical neural network, the SK spin glass and the Gaussian one, are well known and
investigated (for instance in [64][21][59]|22][30]|24]) we want to push further the equivalence
among neural network and spin glasses, giving a complete picture also of the replica symmetric
approximation.

To this task, let us recall that the replica symmetric approximation of the quenched free

energy of the analogical neural network Aﬁ}g\,(a, () is given by the following expression [30]

Aﬁ,}gv(a,ﬂ) = In2+ /dﬂ(z) lncosh(z/Tﬁﬁ) + Zln<1_ﬂ(11_q)) t

21-81-q9 2
where the order parameters denoted with a bar (to mean their RS approximation) are given

by
q = /alu(z)tanh2 (z\/%), (1.30)
p = pa/(1-80-9)" (1.31)
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Let us introduce further 8; and (35 as

_ vap
o= 1= 507 (1.32)
B = 1-p01-7), (1.33)

such that (182 = /aS. We need also the RS approximation Agf;(ﬁl) of the quenched free

energy of the SK model, at the noise level (31, namely

Ag}%(ﬁl) =In2+ / du(z) Incosh(B1v/qsk z) + }lﬁf(l — sk )%, (1.34)
where
dsw = [ duz) tank? (512G ). (1.35)

By a direct comparison among the overlap expressions (1.30, 1.35) we immediately conclude
that we must have

Brask = afp,
which indeed holds as it can be verified easily, bearing in mind the expression (1.31) and
(1.32) for p and (.
As a last ingredient we need to introduce also the replica symmetric expression AZY (3, )

Gauss

of the Gaussian spin glass at a noise level 35 as (see Appendix A)

Agguss(ﬁ% 6) = %lna + %ﬂ%ﬁGUz + iﬁ%ﬁé, (136)

where
e = (B2—(1—0))/85, (1.37)
o’ = 1/(1- B+ 5pc). (1.38)

Note that the definition of the overlap between continuous variables encoded by eq. (1.31) is in
perfect agreement with the same overlap defined within the framework of eq.(1.37), because,
being B2 = 1 — 3(1 — q), we can write

 H-(-B) _1-U-9-0-8)_ b
Pomss = =g = (-pu-gP _a-sa-gp

As a consequence, through a direct verification by comparison (that we omit as it is long and

straightforward), we can state the following
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Theorem 1.3.1. Fized, at noise level 3, (1 and P2 as in (1.32) and (1.33), the replica
symmetric approximation of the quenched free energy of the analogical neural network can
be linearly decomposed in terms of the replica symmetric approximation of the Sherrington-
Kirkpatrick quenched free energy, at noise level By, and the replica symmetric approrimation

of the quenched free energy of the Gaussian spin glass, at noise level B2, such that

1
A%?V(ﬁ) = Agl‘%(ﬂl) - Zﬁ% + aAGauss(ﬁ%ﬁ)a (140)
and the inequality (1.21) becomes an identity for the RS behavior.

Remark 2. We stress that the above Theorem is in agreement with the sum rule (1.20) of

Section 2 as, in the replica symmetric approximation, ¢,o = q and p,,» = P, hence

_ _ Vg y Bq _
Vet = g g Va1 -0 D) g g =0 0D

Remark 3. Approaching the high-temperature region we have ¢ — 0 and p — 0, and clearly
B —1/(1+ /). As a consequence we have

B = 1-p(1-q)—1-1/1+Va), (1.42)

vaps
B T-81-9 — 1, (1.43)

then B+ B2 — 1, such that also the single-party counterparts approaches their critical points.

Coherently, inside the annealed region we get ¢ = 0, then with the expressions for 31, G2
we can write B2 + 8 = 1 that is the boundary of the annealed region for the Gaussian spin
glass, while 31 = \/aB3/(1 — ) because 5 < 1/(1 + y/a) we get 81 < 1, namely the annealed
region of the SK model.

These results open very interesting perspectives. The structure of the neural network
as a linear combination of spin glasses is very rich: in fact we know that, as the SK model
presents a very glassy full RSB structure [65], in the Gaussian one this is absent, since the true
solution is infact RS even without external field (see Appendix A). Thus one could aspect in
our analogical neural network a competition of these two effects: rather a new feature in the
complex systems scenario, that has to be deeply investigated. Furthermore, the analogical
model shares many features with the original Hopfield model (which is even harder from a
mathematical point of view) for which one could study in what measure this structure is
preserved. Future outlooks should cover also the completely analogical model in order to
develop mathematical techniques beyond the standard ones required in artificial intelligence

and closer to system biology.
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Part 11

Multitasking networks
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Chapter 2

Diluted Hopfield models

In the previous chapter we illustrated the connection between the Hopfield model and a bi-
partite spin glass system. We started from a system of two sets of spins, o;, ¢ = 1,..., N
and 7,, © = 1,..., P, connected by links ff and described by the Spin Glass Hamilto-
nian Hgg(o,7[§) o< =3, , ¢'oi7,. Marginalizing over 7 in the partition function Z =
Yor e PHsa(0.TIE) — Yo e PHNN(TIE) | the o represent a neural network with Hamilto-
nian Hyy(o|§) = -1 >, n[2cosh(B3; o)) or, up to an additive constant, Hyy(o|€)=
-g > (&€ )oioj+. ... Higher order interactions are not written explicitly here; these are
fully absent if the 7; are continuous rather than discrete and have a Gaussian prior. Bipartite
network are very useful in modelling biological systems, where agents of a different nature
interact each other. In these kind of models the £’s describe the topology of the interaction
among different species. In a fully connected model, as the Hopfield one, each units can in-
teract with all the others. This hypothesis is far from being realistic because the biology is
not embedded in a mean field structure: there is always a kind of distance and the interaction
surely decades between units that are very far each others. Consequently the concept of
neighborhood is very important. The simpler modification we can carry to the model is re-
producing at least the correct number of neighbors of a single agent of the bipartite network.
To this task we consider diluted patterns entries, i.e. 51-“ € {0,£1}, where the probability
of a null entry is different from zero. As we are going to see, the most important result is
that, while standard neural networks retrieved patterns sequentially (one at time), associative
networks with diluted patterns, as resulting from the marginalization of a diluted bipartite
spin glass, are able to accomplish parallel retrieval in appropriate dilution and load regimes

[4, 3, 5.
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2.1 Medium storage regime in extremely diluted connectivity:

retrieval region

This section, mainly following [3], is dedicated to the statistical mechanics analysis of a
network composed of N binary spins (0, 7 = 1,..., N) and P patterns, such that the number
ratio scales as

lim P/N°=qa, 46¢€(0,1), a>0. (2.1)

N—oo

We refer to it as the medium storage regime, meaning that the number of memorized patterns
is growing with the size of the network but less than extensively. The effective interaction is

described by the Hamiltonian

1 N P
Male) = 57 D D &€l ooy, (22

ij=1p=1
where the patterns entries £ € {0, £1} are quenched random variables, independently and

identically distributed according to

P(el =1) =P = 1) =¢/2N7,  P("=0)=1-¢/N" (2.3)

7

with v € [0,1). The parameter 7 must be chosen such that H (o |€) scales linearly with N, and
must therefore depend on v and §. Heuristically, since the number of non-zero entries NV,,, in
a generic pattern (¢)',..., &) is O(N'77), we expect that the network can retrieve a number
of patterns of order O(N/N,,.) = O(N?7). We therefore expect to see changes in 7 only when
crossing the region in the (v, ) plane where pattern sparseness prevails over storage load (i.e.
d < 7, where the system can recall all patterns), to the opposite situation, where the load is
too high and frustration by multiple inputs on the same entry drives the network to saturation
(i.e. & > ). To validate this scenario, we carry out a statistical mechanical analysis, based

on computing the free energy

£(8) = = Jim_ (108 Zx (8. €))e. (24)

2.1.1 Free energy computation and physical meaning of the parameters

If the number of patterns is sufficiently small compared to N, i.e. § < 1, we do not need the
replica method; we can simply apply the steepest descent technique using the P < N/log N
Mattis magnetizations as order parameters:

f(B) = —llog2 — lim L

,%m2+N<logcosh(\/W£'m)>g
6 N—o0 ﬁN |

log [dm e (2.5)
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with m = (my,...,mn,), € = (€,...,6VB) and € - m = Zu £#my,. Rescaling of the order

parameters via m,, — m,/BcN™/?+0 then gives

/dm eN(—%NT+29*1m2+<10gCosh(ﬁcNQS-m»g) (2 6)

f(B) = —BlogZ— lgnooﬁ—log

Hence, provided the limit exists, we may write via steepest descent integration:
1 L. 0 B rioo-1, 2
f(B)=—=log2— — lim extry, <log cosh (ﬁcN ¢ m)> ——N m-|. (2.7)
I6] (B N—oo 3 2

Differentiation with respect to the m, gives the self consistent equations for the extremum:

N1-7—0

(¢ tanh(BeNY€ - m))e. (2.8)

my, =

With the additional new parameter 6, we now have two parameters with which to control
separately two types of normalization: the normalization of the Hamiltonian, via 7, and the
normalization of the order parameters, controlled by 6. To carry out this task properly, we
need to understand the physical meaning of the order parameters. This is done in the usual

way, by adding suitable external fields to the Hamiltonian:

P N
HHH—Z)\MZQHQ (2.9)
p=1 =1

Now, with (g(a))e = Z5'(3,6) g e #1P18)g(a) and the corresponding new free energy

f(B, ),
_Of (B,
[T SRR e

with the short-hand A = (A;..., /\p). The new free energy is then found to be

f(ﬁa )\) = —1 10g2 — l lim extrm |:<10g cosh (/85 . [CN€m+)\]>>£— &CZNT-i-Q@—lm?

g BN—oo 2
(2.11)
Upon differentiation with respect to A, we find (2.10) taking the form
lim 1<§: o)y = lim (6" tanh(BeN'€ - m))e. (2.12)
N—oo N = 17 Nooo

We can then use expression (2.8) for m, to obtain the physical meaning of our order param-

eters:

N1=(7+6) 0
m' = lim ———— (" tanh(BcN"€ - m))¢

N—oo C

_ I
— i (o Zs 7)o 213)
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Let us summarize the status of the various remaining control parameters in the theory, in the

interest of transparency. Our model has three given external parameters:
e v €[0,1): this quantifies the dilution of stored patterns, via P(§! # 0) = eN 77,
e 5 € (0,1)and a > 0: these determine the number of stored patterns, via limy_, P/N‘S =
Q.

It also has two ‘internal’ parameters, which must be set in such a way for the statistical
mechanical calculation to be self-consistent, i.e. such that various quantities scale in the

physically correct way for N — oc:

e 7 > 0: this must ensure that the energy H = —(3 N7 25:1(21']\;1 'o;)?), scales as
O(N),

e 0 > 0: this must ensure that the order parameter m, = ((1/eN7%) 3", &'oy),, are of
order O(1).
2.1.2 Setting of internal scaling parameters

To find the appropriate values for the internal scaling parameters 6 and 7 we return to the

order parameter equation (2.8) and carry out the average over £#. This gives

1—-7—6 P
m, — NT@anh (BeN? ((eym, + €4 3" €'m, ) e (2.14)
VER
P
= N'"7%(tanh (ﬂcNo (my + Z £'my)))e. (2.15)

vEW
Having non-vanishing m,, in the limit N — oo clearly demands 6 +7 <1 —~. If 6 > 0 the
m,, will become independent of 3, which means that any phase transitions occur ar zero or
infinite noise levels, i.e. we would not have defined the scaling of our Hamiltonian correctly.
Similarly, if 6 + 7 < 1 — «y the effective local fields acting upon the o; (viz. the arguments of
the hyperbolic tangent) and therefore also the expectation values (0;),, would be vanishingly

weak. We therefore conclude that a natural ansatz for the free exponents is:

This simplifies the order parameter equation to

P
m, = (tanh (Bc(m, + Z £€'my)))e. (2.17)
vEN
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Let us analyze this equation further. Since P(! # 0) ~ N~7 with v > 0, we can for N — oo
replace in (2.14) the sum over v # p with the sum over all p; the difference is negligible in the
thermodynamic limit. In this way it becomes clear that for each solution of (2.14) we have
my, € {—m,0,m}. Using the invariance of the free energy under m, — —my, we can from
now on focus on solutions with non-negative magnetizations. If we denote with K < P the

number of p with m,, # 0, then the value of m > 0 is to be solved from

K
m = <tanh(ﬁcm(1+2£”))>§. (2.18)

It is not a priori obvious how the number K of nonzero magnetizations can or will scale with
N. We therefore set K = ¢N ¢ in which the condition K < P then places the following
conditions on ¢ and ¢’: ¢ € [0,0], and ¢ € [0,00) if &' < & or ¢ € [0,a] if &' = §. We expect
that if K is too large, equation (2.18) will only have the trivial solution for N — oo, so there
will be further conditions on ¢ and ¢’ for the system to operate properly. If §’ > v, the noise
due to other condensed patterns (i.e. the sum over v) becomes too high, and m can only be

Zero:

(D e =Y Elg]= ¢C% — 0o. (2.19)

On the other hand, if & < v this noise becomes negligible, and (2.18) reduces to the Curie-
Weiss equation, whose solution is just the Mattis magnetization [45, 15, 20]. It follows that
the critical case is the one where when & = v. Here we have for N — oo the following

equation for m:

m = > w(k|¢)tanh(Sem(1 + k)) (2.20)

keZz

with the following discrete noise distribution, which obeys 7(—k|¢) = 7(k|¢p):

m(klg) = (Oryo, ) (2.21)
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2.1.3 Computation of the noise distribution 7(k)

Given its symmetry, we only need to calculate w(k|p) for k > 0:

lim ! %e_“pk< up§> = lim / "‘ﬁ _Zwk(1+ qj(coszﬂ— 1))

K—oo J_o 27 K—o0

_ /ﬂ diwefid)k+¢c(cos P—1)
_p 2m

— % / e~k Z o ‘ u/J + efiw)n

— ¥ e~k o~ (k—n-+21)
° / Z2”71‘Zl'n—l)

— ge 1

= ZZ<2> e l),5nk+2z

n>01<n

= e ™) (qbc)kerl = % T (¢c) (2.22)
2 1k +1)! F '

>0

m(k[®)

where Zj(z) is the k-th modified Bessel function of the first kind [1]. These modified Bessel

functions obey

2§Ik($) = Ij-1(z) — i1 (@),
Q%Ik(fﬂ) = Ip-1(2) + Lt (2). (2.23)

The first identity leads to a useful recursive equation for 7(k|¢), and the second identity

simplifies our calculation of derivatives of 7(k|¢) with respect to ¢, respectively:

m(k=116) = m(k-+116) — 2n(k16) - =0, (2.24)
T H10) = e(Gm(r=110) + Fr(k-+116) = (k1)) (2.25)

2.1.4 Retrieval in the zero noise limit

To emphasize the dependence of the recall overlap on ¢, viz. the relative storage load, we
will from now on write m — mg. With the abbreviation (g(k))r = >, m(k|¢)g(k), and using
(2.24) and the symmetry of w(k|¢), we can transfer our equation (2.20) into a more convenient

form:
my = %<[tanh(ﬁcm¢(1—|—k))+tanh(ﬁcm¢(1—k‘))]>k

_ 72[ (k116) — n(k+1]9)] tanh(ﬁcm¢k):;C<ktanh(5cm¢k)>k (2.26)
keZ
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In the zero noise limit 3 — oo, where tanh(8y) — sgn(y), this reduces to mg = ﬁ(]k\)k, or,

equivalently,
me = Blingo<tanh(ﬁcm(1+k)))k = (sign(1+k))
= Yoak) = Y alk) = w(0l) +7(1]¢). (2.27)
k>—1 k<—1

Hence we always have a nonzero rescaled magnetization, for any relative storage load ¢. To
determine for which value of ¢ this state is most stable, we have to insert this solution into
the zero temperature formula for the free energy and find the minimum with respect to ¢.
Here, with m,, = mg for all p < K = ¢N” and m, = 0 for p > K, the free energy (2.7) takes
asymptotically the form

1

f(B) = §c2¢m2¢ — ;ﬂog cosh (Bemyk))r, — ;logQ (2.28)

So for 3 — oo, and using our above identity (|k|)x = ¢cm, we find that the energy density is

u(@) = Jim () = getom? - em{Jkl) = - 5com? (229)
= 5 Po(x(01)+7(1]9))’ (2.30)
To see how this depends on ¢ we may use (2.25), and find
Sagu@) = —gmb = omas (r(016)+n(1l9)
= —gm3— demy( — Sr(010) + 5r(216)) = —gm? + mem(1]9)
= —gmo(my —21(119)) = —gmo(x(00) ~7(1I)) <0 (231)

The energy density u(¢) is apparently a decreasing function of ¢, which reaches its minimum
when the number of condensed patterns is maximal, at ¢ = «. However, the amplitude of
each recalled pattern will also decrease for larger values of ¢:

d d d
dgme = qgm0Ie)+ gn(1le) = ~w(1l)/6 <0 (2.32)

Hence m, starts at mg = 1, due to m(k|0) = 60, and then decays monotonically with ¢.

Moreover, it follows from (|k|)7 < (k*); = <ZM§K(§“)2>§ = ¢c that

mg = ([k)r/¢c < 1/3/¢c, u(p) = —%C%mi > —%c (2.33)

If we increase the number of condensed patterns, the corresponding magnetizations decrease

in such a way that the energy density remains finite.
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2.1.5 Retrieval at nonzero noise levels

To find the critical noise level (if any) where pattern recall sets in, we return to equation (2.8),

which for (7,6) = (1—+,0) and written in vector notation becomes

m = ?(5 tanh(Bc§ - m))e. (2.34)

We take the inner product on both sides with m and obtain a simple inequality:

m? = S (6 m) tanh(fe - m))e

1
= BN((& - m)’ /0 dz [1 - tanh?(Serg - m)])

IN

Since m?(1 — B¢) < 0, we are sure that m = 0 for 3¢ < 1. At c = 1 nontrivial solutions
of the previously studied symmetric type are found to bifurcate continuously from the trivial

solution. This can be seen by expanding the amplitude equation (2.26) for small m:
1
mg = %Uc tanh(Bcmek))
1
= femg — §ﬂ3c2m§¢<k4)k/¢> + (’)(mé) (2.36)

This shows that the symmetric solutions indeed bifurcate via a second-order transition, at the
¢-independent critical temperature T, = ¢, with amplitude my o (fc — 1)% as fc — 1. All
the above predictions are confirmed by the results of numerical simulations, and by solving

the order parameter equations and calculating the free energy numerically, see Figure 2.1.

We can now summarize the phase diagram in terms of the scaling exponents (v,d). The
number of stored patterns is P = aN?, of which K = ¢N? can be recalled simultaneously,

with ¢ = min(v, §):

0 <7: ¢max = «, all stored patterns recalled simultaneously, with Curie-Weiss overlap

m

0 =7: ¢max = @, all stored patterns recalled simultaneously, with reduced but finite

m

0>7:  ¢max = 00, at most ¢/N7 patterns recalled simultaneously, with ¢ — oo and

m¢—>0
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Figure 2.1: Left: energy density u versus the relative fraction of retrieved patterns, in terms
of QZ; = c¢ and T= T/c =1/Bc. The minimum energy density is reached when qg is maximal,
i.e. when all stored patterns are simultaneously retrieved, but with decreasing amplitude for
each. Right: critical noise levels for different values of qAS, confirming that T = B. = 1,
independently of QAS In both the panels, solid lines represent our theoretical predictions, while
symbols represent data from numerical simulations on systems with N = 5x10%, v = § = 0.45,

¢ = 2 and with with standard sequential Glauber dynamics.

2.2 High storage regime in extremely diluted connectivity: ab-

sence of retrieval

In this section we consider the same network, composed of N binary spins (o;, i =1,...,N)

and P patterns, but now at high storage load:

lim P/N=a, a>0 (2.37)
The effective interaction is described by the Hamiltonian (2.2), and the entries &' € {0, +1}
are generated again from (2.3), i.e. in the extremely diluted regime v < 1. Again we must
choose 7 such that the Hamiltonian will be of order N. Heuristically, since the number of non-
zero entries Ny, in a typical pattern (&}, ..., &R) scales as O(N'™7), the number of patterns

with non overlapping entries (i.e. those we expect to recall) will scale as O(N/N,,,) = O(N7).

The contribution from K = O(N7) such condensed patterns to the Hamiltonian would then
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scale as

K N
He~ N (D €loi)? ~ NTKNZ ~ N NN o N27777

i
pn=1 =1

The non-condensed patterns, of which there are Ny = P — N, ~ P = O(N), are expected to

contribute
Nne N )
Hye ~ NSO €0)? ~ N Nyo\/ N,z ~ NTTNN'TY ~ N2977
p=1 i=1

Thus, we expect to have an extensive Hamiltonian for 7 =1 — ~.

2.2.1 Replica-symmetric theory

In the scaling regime P = «a/N we can no longer use saddle-point arguments directly in
the calculation of the free energy. Instead we calculate the free energy for typical patterns

realizations, i.e. the average

7= Jim 508 Zn(5.6). (2.39)

Here = indicates averaging over all {¢!'}, according to the measure (2.3). The average over the
disorder is done with the replica method, for K = O(N7); full details are given in Appendix
B. We solve the model at the replica symmetric (RS) level, which implies the assumption

that the system has at most a finite number of ergodic sectors for N — oo, giving

/BTRS = ]\;Enoo extrm,g,r ﬂfRS (ma q, T)v (2.39)

pe’ 5« Beq
N _§<1—ﬁc(1—q)

—< /Dz log cosh[Bc(m - € + Z\/a)]>g (2.40)

Bfns(m,q,r) = —log2+ Jar(Bef’(1-q) + ~ log[1 —e(1-q)])

in which m = (myq,...,mg) denotes the vector of K = ¢N7 condensed (i.e. potentially
recalled) patterns, & = (¢1,...,¢%), and Dz = (27r)*1/2efz2/2dz. As in the analysis of
standard Hopfield networks, this involves the Edward-Anderson spin-glass order parameter ¢
[45, 15] and the Amit-Gutfreund-Sompolinsky uncondensed-noise order parameter r [45, 15].

We obtain self-consistent equations for the remaining RS order parameters (m,q,r) simply
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by extremizing fRS (m, g, r), which leads to

mt = ]\:j<§“/Dz tanh[ﬁc(m-£+z\/@)]>£,
¢ = ( [Ds ant(ge(m - g+2van))

p= — 4 (2.41)

[1=pe(1—g)]*
As before we deal with the equation for m#* by using the identity & tanh(A) = tanh({#A)

(since £* € {—1,0,1}) and by separating the term m#&* from the sum m - &:

LN wien vevel o ot
mt = C</Dz tanh|[Bc(m* (& )2+V#MZ<Km V¢ + 2¢ W)]>€
= </Dz tanh[Be(m* + Z m”¢" + ZM)]>§

v#EUSK
= </Dz tanh {ﬂc(m“ + im”ﬁ” + z\/@ﬂ >g +O(N7)

Again we see that for N — oo we will only retain solutions with m# € {—m,0,m} for all
u < K. Given the trivial sign and pattern label permutation invariances, we can without loss
of generality consider only non-negative magnetizations, and look for solutions where m* = m

for y =1 < K and zero otherwise. We then find

o

m = Z 7(k) /Dz tanh[Bc(m + mk + 2v/ar)) (2.42)

k=—o00
with 7(k) given in (2.22). We can now use the manipulations employed in the previous section,

to find

m = <(IZ/D2 tanh[ﬂc(mk+z\/@)]> (2.43)

k

q = </DzmmPdek+z¢mﬂ>ﬂ (2.44)
q

[1 = Be(l = q)*

The corresponding free energy assumes the form

T =

« Beq
5(1—60(1—(1)

—< /Dz log cosh[Bc(mk + m/o?)]>k (2.45)

Note that we recover the equations of the medium storage regime simply by putting o = 0.

Blnstm,a,r) = —log2+ sar(Bf(1—q) + 5 fcom?— ~log(1fe(1-q)))

2.2.2 The zero noise limit
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Figure 2.2: Left panel: Behavior of ar(a) versus a in the spin-glass state (the inset shows
only r(a) versus «), as calculated from the RS order parameter equations. This shows that
r(a) goes to infinity as o approaches zero, such that ar(«) remains positive; this means that
the noise due to non-condensed patterns can never be neglected. Right panel: behavior of the
function G(E) versus E. Since G(E) < 0 for a > 0, equation (2.50) cannot have a solution for

«a > 0, and hence no pattern recall is possible even at zero noise.

36



We now show that in the high storage case the system behaves as a spin glass, even in the
zero temperature limit 3 — oo where the retrieval capability should be largest. From (2.44)
we deduce that ¢ — 1 in the zero noise limit, while the quantity C' = (¢(1 — ¢) remains finite.

Let us first send § — oo in equation (2.43):

= (& fomb 22, - R

with the error integral Erf(z) = (2/y/7) [y dt e~ A second equation for the pair (m,C)
follows from (2.44):

¢ = ﬁli—{goﬁc<1—/Dz tanhQ[ﬁc(mkﬂLzm)Dk
= lim a</Dz tanh [ﬁc(mk‘—l— \/OTQH>

B mhk(1—C)
B 8m< Ef( \/1274 >>k
- Eoe (LY oo

We thus have two coupled nonlinear equations (2.46,2.47), for the two zero temperature
order parameters m and C. They can be further reduced by introducing the variable = =

m(1—C)/v2a, with which we obtain
m = <kErf(k:E)> (2.48)
¢ .

and rewriting Z = m(1—C) /v 2« gives

1

C=1- 20‘“—1—WH< Erf(k )>; (2.49)

m

Using (2.47) and excluding the trivial solution = = 0 (which always exists, but represents
the spin glass state without pattern recall) we obtain after some simple algebra just a single

equation, to be solved for =:

V2a = G(E) = <2Erf(k¢E)>k - ;%<e’f252>k (2.50)

[ —

One easily shows that

- : - 2
llino GE) = Eh_)ngO GE) = —\ﬁw(mgb). (2.51)

In fact further analytical and numerical investigation reveals that for = > 0 the function G(Z)
is strictly negative; see Figure 2.2. Hence there can be no m # 0 solution for a > 0, so the

system cannot recall the patterns in the present scaling regime P = aN.
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2.3 High storage regime in a finite connectivity: replica ap-

proach

In this section, mainly following [5], we turn to a statistical mechanics analysis of an Hop-
field like network, again near the saturation regime (P = aN), but in a finite connectivity
regime, i.e. the pattern entries £/ € {—1,0,1} are quenched random variables, identically and
independently distributed according to

c

P =1) = P(& = -1) = o, P({f:O):l—%, (2.52)

with c¢ finite. The effective interactions among spins is described by the usual Hamiltonian

H(o|¢) = _7225 aio;. (2.53)

It is not a priori obvious that solving this model analytically will be possible. Most methods
for spins systems on finitely connected heterogeneous graphs rely (explicitly or implicitly)
on these being locally tree-like; due to the pattern dilution, the underlying topology of the
system (2.53) is a heterogeneous graph with many short loops.

The Hamiltonian is normalized correctly: since the term Zi\; 1 &0y is O(1) both for
condensed and non condensed patterns [3], (2.53) is indeed extensive in N. The aim of this
section is to compute the disorder-averaged free energy f, at inverse temperature 8 = 771,

where === denotes averaging over the a/N? variables {¢!'} and

f=- hm N log Zn(53,§), (2.54)

ﬁ
where Zn(3,&) is the partition function

NGO = Y e S (S eo) (2.55)

oc{-11}N
The state of the system can be characterized in terms of the N (non-normalised) Mattis

magnetizations, i.e. the overlaps between the system configuration and each pattern

N
=Y éton. (2.56)
i=1

However, since in the high load regime the number of overlaps is extensive, it is more conve-

nient to work with the overlap distribution

1 (6%
P(Mlo) = — > Oy (2.57)
pn=1
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Although M, (o) can take (discrete) values in the whole range {—N,—-N +1,--- N}, we
expect that, due to dilution, the number of values that the M, (o) assume remains effectively
finite for large IV, so that (2.57) represents an effective finite number of order parameters. In
order to probe responses of the system to selected perturbations we introduce external fields

{#u} coupled to the overlaps {M, (o)}, so we consider the extended Hamiltonian

N aN

Z Z glietoio; — Z M (2.58)

We also define the field distribution P(¢) and the joint distribution P(M,|o) of magneti-
zations and fields (and of which P(v) is a marginal):

aN
PW) = =30 ), P(M,ylo) = NZ @8 — ). (2.59)
pn=1

2.3.1 The free energy

The free energy per spin (2.54) for the Hamiltonian (2.58) can be writen as

f = — lim —logZe?r ERE MO B Y05 v Mu(0), (2.60)
We insert the following integrals of delta-functions written in Fourier representation

alN
1 = HH/dP(M,w)5[P(M,¢)—aivzlaM,Mu(a)a(z/;—%)]
o

_ HH / AP(M, )AP(M, ) iNAPOL)P(OMb) - S5Y, Sa1. S0 (9. 61)
2w /AN

In the limit A — 0 we use Azw ... = [di..., and we define the path integral measure
{dPdP} = lima_.o dP(M,)dP(M,1)AN/2x. This gives us

/ {APAP} N S ML) PMY) =3 T35, POM(O) ), (2.62)

Insertion into (2.60) leads us to an expression for f involving the density of states Q[P]:

f o= — lim —=log /{dpd]f)} (N0 Xy POL) PO+ [dw X (M) (4+M0)+0IP] |
N—oco BN

’ (2.63)

Q[P] = lim —logZe &Z P(My (o ):wu)‘ (264)

N—oo N
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Hence via steepest descent integration for N — oo, and after avering the result over the

disorder, we obtain:

F=— ;eXtr{pP}{ /(w ZP (M, ) (M w)+ﬁa/dw ZPM ¢)(%+M¢)+Q[ ]}
(2.65)

with

QP] = lim —logZe @ L POM(0)90) (2.66)

N—oo N

Working out the functional saddle-point equations that define the extremum in (2.65) gives

R M? SQ[P]
P(M,¢) =iaf( o + M),  P(M,h) =it 2.67
(M) =ia6( 5+ M), POMw) =i o (2.67)
and inserting the first of these equations into (2.65) leads us to
F= L) (2.68)
B IPO)=iaB (5T M) '

Hence calculating the disorder-averaged free-energy boils down to calculating (2.66). This can
be done using the replica method, which is based on the identity log Z = lim,_on "' log Z7,
yielding

N—ocon—0 N

Q[P = lim hm—log Z e~ Loz Zpt POMu(O) ) (2.69)

The free energy (2.68) could also have been calculated directly from (2.60), by taking the
average over disorder and using the replica identity. The advantage of working with the log-
density of states is that, working out Q[P] first for arbitrary functions P gives us via (2.67)
a formula for the distribution P(M, ), from which we can obtain useful information on the
system retrieval phases and response to external perturbations. Finally we set P(M ) =
iafBx(M,1) with a real-valued function y, to compactify our equations, with which we can

write our problem as follows

log Z Bra=120= N x(M (o) 1@70

on

b == Jim i mv

?zf[x]’

X(M ) =22 4 ppy

10/

a ox ‘x(M,w>A§f+Mw'

P(M,¢) = — (2.71)
For simple tests of (2.70) and (2.71) in special limits see C.1.

40



2.3.2 Derivation of saddle-point equations

From now on, unless indicated otherwise, all summations and products over «, i, and p will
be understood to imply a =1...n,i=1...N,and g =1...alN, respectively. We next need
to introduce order parameters that allow us to carry out the disorder average in (2.70). The

simplest choice is to isolate the overlaps themselves by inserting

N
L= H[ > 5Mw,zi5¢ag} = Z /ﬂdw‘”‘“ wan(Mau=22: &'07) | (2.72)

ap Mapy=—N o Mayu=—N
This gives
_ dWau o e e Moyt S o BX(ME W)
i = i o (T[S [t i

o Meay=—00

X Z e_iZizww““éfU?}. (2.73)
ol.o"
We can carry out the disorder average
130 Y apwandi of I ORD DD 1304 wapo;
o ] o G
i
— o S [cos(Sawano) 1] roN0) (2.74)
which leads us to
flx] = —lim lim 1og / dwﬂ# el apWanMaptd o BX(M )
n—»ON—>oo,8 n

ocu
x| D eR T COS(ZMW&H]}N} (2.75)
01...0n
where we have also interchanged the limits n — 0 and N — oo, as usually done to progress in
the calculation by using the saddle-point method. We next introduce n-dimensional vectors:
o= (o1,...,00) € {-1,1}", MV = (My,...,My,) € Z" and w" = (wiy,...,wny) €
[—m, m]™. This allows us to write (2.75) as

flx] = —lim lim

T dw* ' > MY ( )
n—0 N—os GNn log{l;[[g;/ (27r)n} e T W MIEE, BX(M

<[ o Bpleostero-] N}. (2.76)
[ea
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This last expression invites us to introduce the distribution P(w) = (aN)=1Y" L, 0(w —wh),

for w € [—m, 7", via path integrals. We therefore insert

1 = ]&_J[/dP(w)(S[P(w)—O}NZCS(W—w“)}

B H/ w 1NAp(W)|:P(w)_aiNzu5(w_wu)] (2 77)
- 27T/AN | |

In the limit A — Oweuse AY ... — [dw..., and we define the usual path integral measure

{dPdP} = lima o dP(w)dP(w)AN/27. This converts the above to
/{deP} oV [dw P(W)P(W)~(i/a) 5, PW") (2.78)

and upon insertion into (2.76) we get

L . 1 A N[ dw P(w)P(w) ac [dw P(w)[cos(w-o)—1]]Y
IO = = lim dim oo log /{deP}e [;e
aN T dw N
WM+, Bx(M* ) —5 P(w)

In the limit N — oo, evaluation of the integrals by steepest descent leads to

1 5
v (PPY = i[ dwP ) +a(lo / M SX ) P()
(PP = i [ dw Plw)P() +a (e (X [ gy ),
+log (Zeacf_ﬁdw P(W)[cos(w-0)—1 })7 (281)
g

in which (...)y, = [d¢ P(¢)).... We mostly write (...) in what follows, when there is no
risk of ambiguities. The saddle-point equations are found by functional variation of ¥,, with

respect to P and P, leading to

- Yo [cos(w - @) — 1]/ W PWlcos(w"0)-1]
P(w) = 1lcx Z eacf" dw’ P(w')[cos(w’-0)—1] s (282)
- e M+, ﬂx(M“,w)—iﬁ(w)
P(w) B n I N MY Bx(Mep)—LPw’) [ (2.83)
M f_ﬂdw e -

The joint distribution of fields and magnetizations now follows directly from (2.71) and
(2.80, 2.81), and is seen to require only knowledge of the conjugate order parameters P(w):

P(M,y) 2 (%275M,Mw)fjﬂdw QW MABY  x(M* 0)— L P(w)

= lim . —
P(l/}) n—0 ZM fi"ﬂdw elw-MJrBZa X(Mazd’)*gp(w)

(2.84)
x=22+ypM
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Thus the right-hand side is an expression for P(M|¢). A last simple transformation F'(w) =

—é £ (w) + 1 converts the saddle point equations into

Zo’ COS(LU . o_)eacffﬂdw’ P(W') cos(w'-0)
F(“’) = Za’ eacffwdw’ P(W’) cos(w’-0) ’ (2'85)

(W) D o
ST dw’ eF W) TT | Dy(walB)
where we have introduced
1 .
Dy(wlf) = o wM+BX(My), (2.87)
MeZ

Similarly, (2.84) and (2.80) can now be expressed as, respectively,

>m (% > 0m Mw) [T dw WM+ XM ) Fel (W)
P(Mly) :TlLi—>H10 EV [T d WM+, x(M*¢)+cF(W) » (288)

M) d4w € “ x=M?2 /2¢+M1p
and
flx] = —lim i{ — ca /7r dw F(w)P(w) + log (Zeacffﬁdw P(w)[cOs(w.a)—ﬂ>
n—0 6n —r o

ta(log (3 / i (;‘;eiw-wza @) ) (o.50)
-

We note that the saddle-point equations guarantee that P(w) is normalised correctly on

[—m, m]™, while for F(w) we have (see C.2)

/7r dw F(w) = 0. (2.90)

We observe that in the absence of external fields, i.e. for ¢ = 0, the function (2.87) is real

and symmetric:

Do(w|B) = QWMXE:%GMMMMQ R, Vwe|[-ma]: Do(~w|8) = Do(w|B)2.91)

The introduction of external fields breaks the symmetry of Dy, (w|3) under the transformation

W — —Ww.

2.3.3 The RS ansatz — route I

To solve the saddle point equations for n — 0 we need to make an ansatz on the form of the

order parameter functions P(w) and F(w). Since the conditioned overlap distribution (2.88)
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depends on F(w) only, a first route to proceed is eliminating the order function P(w) from
our equations and making a replica-symmetric (RS) ansatz for F(w). Since w € [—m, 7|" is
continuous, the RS ansatz for F'(w) reads:
n
Jtamy wige) T mteo). 2.92)
a=1

where W/...] is a measure over functions, normalised according to [{dr} W[{r}] = 1 and
nonzero (in view of (2.90)) only for functions 7(...) that are real and obey [* dw m(w) = 0.
The RS ansatz (2.92) is to be inserted into the saddle point equations. Insertion into (2.86)

gives, with a normalization factor C),(v)),

Plw) = <q;1(¢)H Dy(walB) ecf{dw}vv[{n}maw(wa>>

- <Cgl(¢)HDw(wa|ﬁ kv /{dW}W{W}]H ( )r>
o k>0

k

_ < WY < . /H {dme} W [{m ] HRk (wa) > (2.93)
k>0
with i
Ri(w) = Dy(w|B) [ [ me(w). (2.94)
/=1

Next we turn to (2.85). We first work out for o € {—1,1}" the quantity

L(o) = «ac /7r dw P(w)cos(w - o)

—T

_ WY S / H {dr W [{me}]]

k>0

H/ dwa Rk Lda elwaa += H/ dwoc Rk woa 1wacra:|>7

(2.95)
with ffﬁdw P(w) =1 requiring L(0) = ac. For Ising spins one can use the general identity

Ru(o) = [ dw Ru()e” = B({Ripe D2, (2.96)
where B and A are, respectively, the absolute value and the argument of the complex function
Ry, evaluated at the point 1, Ry(1) = |Ry(1)] PR0) e,

BURY) = R, AR = b5 = axctan (%)- (297)
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This simplifies (2.95) to

L(o) = 0elC; () 2 % / H (mW (o)) | B (e cos [ 7 3 o)) (2:95)

k:>0
In order to have L(0) = ac in the limit n — 0, one must have Cy(¢)) = e® V1. Inserting L(o)
into (2.85) gives

ZCOS w-0)eeCn ) Lz i J Ty [fama) Wilme ] B (R4 cos [A(LRD) o 0],
(2.99)
with

Ky =3 e(0r ) Sizo ST [{dmeyWime)] B ({Ri}) cos [A{RAN) T 0 0] (2.100)

Upon isolating the term >, 0@ via 3, [T deim0=i03. 0% — 1 we obtain

7r27r

KnF(w) = Z/ oimf+calCn (¥) Tz Gr ST, [{dm}Wi{me}]] B"({Ri}) cos|A({Ry })m])
77“- 1 - « «
-0y, o 12 oW | L —iy 0%
XZ ( e )
— ogn— 12/ oimO+eadCr (¥) Lo Gr T, [{dme}W{me}]] Br({Ri}) cos|A({Rx })m])
[Hcos(w“—@) + Hcos(w“—i—@)}. (2.101)

The two terms inside the square brackets in the last line yield identical contributions to the

f-integral, so

_ on Z / (MO+eadCi () S 5 [ Tz [{dme YW H{me ]| BT ({Ri}) cos[A({ R Pym DT cos(w—0),

o (2.102)

with Ky simply following from the demand F(w = 0) = 1, as required by (2.85). Next we

insert

1= /{dﬁ} H5 — cos(w— 9)] (2.103)

where we have used the symbolic notation [] é[r(w) — f(w)] for the functional version of
the d-distribution, as defined by the identity [{dr} G[{m}] ], d[r(w) — f(w)] = G[{f}]. This

leads us to

KF(w) = an / e (O () 5 o0 B [ TIE, [fama}WitmeH] B ((Re}) cosl AR} ml)
/ {dr} Ha )~ cos(wo—0)] [T (). (2.104)
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Substituting (2.92) for F'(w) in the left-hand side of this last equation shows that in the replica

limit n — 0, our RS ansatz indeed generates a saddle point if

Wir)] = / 99 o) H(s[ ~ cos(w—0)]. (2.105)
with the short-hand
AOIW) = Ky 3 eimirea Sizo S5 Ty [{amWieme] costatridym) (2.106)
MEX

The constant Ko follows simply from normalisation, which now takes the form |™_ d6 —AOW) =

1, giving

Ky = / do e imf+ea Y 0 oo ([ T, [{dr}Wi{me}] coslA({Ri})m])

meX
= 3 bmo e Ciezo i ([ Ty [[amdWllma ] coslAURDm]) _ gea (9,107
meZ
We then arrive at
Aoy = Y imb+ea Yo i ( Tz, [{ameWimet] [cosA(Rxml-1]) (2.108)
mEZ

It is convenient to write D(w|B) = D'(w|B)+iD"(w|f), with D'(w|3) = Re[D(w|B)] and
D"(w|B) = Im[D(w|F)]. Similarly, we write Ry(w) = R} (w)+iRj(w). We note that for
X(M, ) = M?/2c+ M the function Dy(w|3) defined in (2.87) has several useful properties,
e.g.

Voel-mal:  Dj(~wl8) = Dy(wld),  Di(—wlr) = —Dj(wlr), (2.109)

T™d .
/ dw Dy(w]B) = Y eXM) / % M = N X MW5y 0 =1, (2.110)

MeZ g MEeZ,
Dy (w]0) = % S M = §(w) for w e [~ 7. (2.111)
MeZ
From (2.97) we have
B Im[R,(1)]] arcta J7 dw R} (w)sinw + R}(w) cos w]
A({Ry}) = arctan [Re[ﬁk(l)]} —etan [fﬂﬂd (R} (w) cosw — R} (w) 1nw]}’ (2.112)

and insertion in (2.108) gives

)\(QIW Z elm@—i—ca Zk>0 f I, [{dﬂ'[}W[{ﬂ'g}]] { cos[m arctan fk({ﬂ'l,...,ﬂk})]—l}7 (2113)

MEZL

46



with

s ) — A D@18 sinw + Dw]5) coswl T (),
Y flrdw [D'(w|fB) cosw — D"(w|f) sin w] ngzl mp(w)

(2.114)

For high temperatures D'(w|0) = §(w) and D"(w|0) = 0, so fr({m1,...,7}) = 0 and
A(O|W) = 6(0). Hence

B=0: Wi{r}] = Hé[w(w) - cos(w)] (2.115)

We note that for any symmetric set of functions {ry, ..., 7} one has, from (2.114), fr({m1,...,7}) =
0 due to the symmetry properties (2.109) of Dy, and thus A(§|W) = 6(6). Hence, (2.115) is

a solution of (2.105) for all temperatures, and the only solution at infinite temperature.

2.3.4 Conditioned distribution of overlaps

In order to give a physical interpretation to the RS solution (2.92,2.115), we consider the
conditioned overlap distribution (2.88). Insertion of (2.115) into (2.92) gives

F(w) = [(am) Witeh T] w(en) = [] costea),

and subsequent insertion into (2.88) leads to, with C), and C,, representing normalization

constants,

n—0

P(My) = th (izn:éMJV[W)/ dw @ MFB2 0 x(Ma,¥) Zk' Hcos (wa)

k>0 o
. iIAM i(wy —A) My +x (M 1))
—nHOnZk'/_deHcos wa/d)\e ZZ 7 tx(My
a v=1 M~ €Z
X H Zelw&MOé+X(Ma7w)
a#y Ma
= lim = Zk'/ dA e‘)‘MZ/ dw, cos®(wy) Dy (wy—A|B)
k>0 d
< I / dwa cos®(wa) Dy (walB)
aFy "
= lim C; 1Zk'/ dx M1, (N, B0, B), (2.116)
k>0
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with

™ k . .
Iy(\, B) = dw cos™(w) Dy (w—A\|B) = " dw e~ w(k=2n) el(w=Am+Bx(m.v)
_ 2

n=0 " meZ
1< k k
_ —iA(k—2n)+ k—2n —idm+Bx(m,y
_ Tz( ) )+B8x(k—2n3) _ 2k Z (k_m)e xX(mp) (2.117)
n=0 m=—k 2

We can now work out

2*’“( g )eﬁx(M»w) if |M| <k
(k—M)/2 : (2.118)

0 if | M| >k

[ axeMn ) -

and obtain our desired formula for P(M|¢) corresponding to the saddle-point (2.115), in

which the normalisation constant comes out as Cy = e¢. The result then is

( K )eﬂx(M,w)
P(M|y) = Ze e (k- M)/2 . (2.119)

k
k>|M
e ( (k_m)/Q)eﬂxmw

We can rewrite this result, with the short-hand p.(k) = e~“c¥/k!, in the more intuitive form

P(M[p) = > pe(k)P(M]k,p), (2.120)

k>0

(( k )eﬂx(Mﬂ/))

1 k—M)/2
P(MIk,p) = 0(k=[M]|+3) n . (2.121)
k eﬂx(m7¢)
Zon ((k—m) /2)

We recognise that p.(k) is the asymptotic probability that any pattern (£f,...,&%) has k
non-zero entries; since each pattern has N independent entries with probability ¢/N to be
nonzero, k will for N — oo indeed be a Poissonian random variable with average c. Hence,
P(M]|k,) is the conditional probability to have an overlap of value M, given the pattern
concerned has k non-zero entries and is triggered by an external field 1. We have apparently
mapped the neural network with N neurons and P = aN diluted stored patterns to a system
of k neurons with a single undiluted binary pattern. We will see that this is due to the fact

that in the regime where replica-symmetric theory holds one is always able, as a consequence
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of the dilution, to decompose the original system into an extensive number of independent
finite-sized subsystems, each recalling one particular pattern.
The solution (2.115), leading to (2.121), is a saddle-point for any temperature. At infinite

temperatures it is the only solution, and simplifies further. For § = 0 expression (2.121) gives

Pk ) = 27+ Jotk—1n1+3), (2.122)

(k—M)/2
which is the probability that a system of k£ spins has an overlap M with an undiluted stored
pattern, if each spin behaves completely randomly. This describes, as expected, an immune
network behaving as a paramagnet, i.e. unable to retrieve stored strategies. For the distribu-

tion of overlaps we find

e (%C)k k
P(M)=¢e E . 2.123
) k>|M| k! ((k—M)/2) ( )

In the limit f — oo, the sum in the denominator of (2.121) is dominated by the value of m
which maximises x(m, ) = m?/2c+ym, being m=k sgn(¢) if 1 # 0 and m ==k for 1) = 0.

In either case we obtain

k B(k2/2c+k|p|
> & Jeormd) S ) WA (2.124)
m=—r  (k=m)/2 2ePk7/2¢4p =0,k #0.
Substitution into (2.121) and (2.120) subsequently gives
_ k k B2 N2 _ _ .
e czli%( )e B —M?)/2c=Blp| (k—sgn(¥)M) if o £ ()
. . - NMk—M)/2
lim P(M[y) = lim
B—o0 B—00 lefcz i( k )e*ﬁ(RQ*MQ)/QC if =0, M #£0
2 k>|M| (h— M) /2 )
e ¢ it M =0
= O(Mp) e=ccMl/| M|l if o #0, M #0 . (2.125)
seccMl/ M) if p=0, M#0
Similarly we have
GA0: POMIEY) = dar k(610 + 0M)(1—b1r) ). (2.126)
1
b =0: P(M[k, %) = 5y <5M70 + 5(1—5M,0)). (2.127)

For k > 0 this describes error-free activation or inhibition of a stored strategy with k& nonzero

entries.
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Figure 2.3: Conditioned overlap distribution P(M]k,v) corresponding to the state
(2.92,2.115), as given by formula (2.121). Top panels refer to k = ¢ = 3. Left: 8 =0,1,3 and
1 = 0; Right: 6 =3 and ¢ = 0,0.2,0.5. Bottom panels refer to ¢ = 0,0.2,0.5 and § = 2.
Left: ¢ =3,k = 6. Right: ¢ = k = 6. Note that M € {—k,—k+1,...,k —1,k}, so that the

lines connecting markers are only guides to the eye.

For intermediate temperatures a plot of (2.121) shows that without external fields, P(M|0)
acquires two symmetric peaks at large overlaps (in absolute value), as [ is increased from
8 = 0; see Fig. 2.3, top left panel. Unlike typical magnetic systems in the thermodynamic
limit, there is no spontaneous ergodicity breaking at 1 = 0; the system acts effectively as
an extensive number of independent finite subsystems, each devoted to a single pattern.
Each size-k subsystem oscillates randomly between the the two peaks in P(M]0), with a
characteristic switching timescale t; ~ ePk?/ 2¢_which grows with the size k of the subsystem

and remains finite at finite temperature.

Introducing a field 3 reduces the overlap peak at M values opposite in sign to the field;
this peak will eventually disappear for sufficiently strong fields (Fig. 2.3, top right panel).
The field-induced asymmetry in the height of the two peaks increases at smaller temperatures
and larger sizes (Fig. 2.3, bottom panels). Thus, external fields trigger the system towards
either activation or inhibition of a strategy, whereas in their absence the system oscillates

stochastically between the two.
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2.3.5 Alternative formulation of the theory before the RS ansatz

The approach developed in the previous section led to transparent formulae for the distribu-
tion of overlaps in the RS state (2.115), and even allows us to derive analytically the condition
defining the (continuous) phase transition where (2.115) ceases to hold (see C.3). However, the
states beyond the transition point are better described within an alternative (but mathemati-
cally equivalent) formulation of the theory. This alternative approach is based on formulating

our equations first in terms of the following quantities:
L(o) = ac / dw P(w)cos(w - o),  Qw)=eFW) (2.128)

Both P(w) and Q(w) are only defined for w € [—m, 7]". In terms of (2.128) we can write our
earlier saddle point equations (2.86, 2.85) as

P(w)

WM X(Ma )
_ < Q(w) ZMG% e >w’ (2129)

J7dw’ Q&) Yoppegn €9 MFE 0 X(Mot)
Zae{—l,l}n cos(w - )eH )

logQ(w) = ¢ S , (2.130)

and the free energy (2.89) as

= (s () - B
+a (log (2/7r (;;‘;n M X)) >¢} (2.131)
-

where we used o [7_dw P(w)log Q(w
1, Qw) € R, Q(—w) = Q(w), and Q

Q(w) to a new order parameter Q(M), defined on M € Z", via the following one-to-one

) =g L(0)el9) /3 5 el Clearly [™ dw P(w) =
(0) = e“. We can now switch from the order parameter

transformations:

9 " dw iw- = —iw-
QM) :/ @n Q(w)e ™, Qw) = Z Q(M)e WM, (2.132)
T MeZ"

The validity of these equations follows from the two identities (2m)~" [7 dw e“™ = g

for m € Z, and (21)"' Y \;eg €M = 6(w) for w € [—m, 7). By construction we now have

Sy QM) = €. Moreover, since Q(—w) = Q(w) we also know that Q(M) = (2r) ™" J7 dw Q(w) cos(w-

M) € IR. One can write the saddle point equations in terms of these order functions (see C.4
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for details):

~ i cos(w - o)elP)
QM) = /,wa cos(w - M)exp |c Lo Zi- eL(O')) , (2.133)
L(o) = ac egz<ZM QM)e 20 XMet) cosh[S(;M - & + 4 5, 0] ) (2130
S Q(M)el Xa x(Mav) v
and the free energy reads
o1 _ S L(e)eH ) [y
fix] = —lim—{logy elO)mca =0 7" 4 o (log e2a X(Ma) (M) .
n—0 ﬂn{ ; ZO’ eL(U) < {% ]>q/;}
(2.135)
From (2.88) we find that the distribution of overlaps can be written as
S (% > 5M7Mv)eﬁ2a X(Mat)) §(M)
P(M|y) = lir% 5 Ol D) F (2.136)
" 2w e s M) X (M) =M? [2e4 M

In C.5 we confirm the correctness of (2.136) in several special limits.

2.3.6 The RS ansatz — route I1

We now try to construct the RS solution of our new equations (2.134, 2.133), by applying the
RS ansatz to the functions L(e) and Q(M):

L) = ac / anwm [, Qo= / {ampw{{m}] [ m(M2), (2.137)
a=1 a
with [dh W (h) =1, W(h) = W(—h), and with a (normalised) functional measure W x| that
is only non-zero for functions 7 (M) that are themselves normalised according to Y ;e m(M) =
1. This ansatz meets the requirements L(—a) = L(c), L(0) = ac and > 3; Q(M) = e, and
is the most general form of the functions L(o) and Q(M) that is invariant under all replica
permutations. The advantage of this second formulation of the theory is that it allows us to
work with a distribution W (h) of effective fields, instead of functional measures over distri-
butions, which have easier physical interpretations, and are more easy to solve numerically
from self-consistent equations.
We relegate to C.6 all the details of the derivation of the RS equations, based on the form

(2.137), the results of which can be summarised as follows. The RS functional measure Wr]
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W(h) = 4(h)
2 perfect parallel retrieval
1.5} _
T e
| SRR -
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Figure 2.4: Transition lines (2.141) for ¢ = 1,2, 3,4, in the (ac?, T) plane, with T = 3~!. The
distribution W (h) represents the statistics of the interfering fields among different patterns,
which are caused by increased connectivity in the graph G. If W (h) = d(h), spins are controlled
via signaling patterns that can act independently; we see that this is possible even above
the percolation threshold if the temperature (i.e. the signalling noise) is nonzero. Circles:

transition calculated via numerical solution of (2.140) for ¢ = 1 (see section 2.3.7).

and the field distribution W (h) obey the following closed equations:

B 1 S (M)ePM? 2+ M(+7/0))
Wih) = / {dm} W[z <<5[h_ TV g5l <ZM (M)ePAT 2 M ($=7/2)) )] >1/,>T:ﬂ’<2'138)
k r o)
W[ﬂ‘] — € Z %e—ack Z (O‘C‘) / dhy...dh, |: H W(hs):| Z
E>0 r>0 - -0 s<r 0y..0.<k
<e/823§r hSUZS(SM,Z o >a o
) H(S (M) - <eﬂzs<r hsog §<k e (2.139)
N <

01...0%

Both W (h) and W{r] are correctly normalised, W (h) = W(—h), and W{r] allows only for
functions 7 such that (M) = 7n(—M) and >, 7(M) = 1. We can substitute the second
equation into the first and eliminate the functional measure Wr], leaving us with a compact

RS equation for the field distribution W (h) only:

—c Ck —ack (ac)r >
= ey e ZT'/ dhl...dhr[HW(hs)] 3 (2.140)
r>0 -

k>0 s<r l1..4,-<k

<eﬂ(ze§kﬁ)2/20+5(24gk7£)(1/’+"'/0)+ﬁ 2s<r PsTes >
({8 |h—7y— —1log ; men=tL )
273 <e,3(25§k7'2) [2c+B( o< T) (W—T/)+B Y < hsTes > W/ r=+1

1. Tp==%1
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We see that W (h) = §(h) is a solution of (2.140) for any temperature; one easily confirms
that this is in fact the earlier state (2.115), recovered within the alternative formulation
of the theory. If we inspect continuous bifurcations of new solutions with moments m, =
Jdh "W (h) different from zero, we find (see C.7) a second order transition along the critical
surface in the («, (3, ¢)-space defined by

o . | [Dz tanh(z\/B/c+B/c) cosh* L (21/B/c+B/c) ’
b= ac Ze k'{ [Dz cosh**1(z\/B/c+B/c) - (2141)

We note that the right-hand side obeys 0 < RHS < ac?, with limg_,o RHS = 0 and

k>0

2

limg_ RHS = ac®. -1

Hence a transition at finite temperature T.(a,c) = B, (a,¢) > 0
exists to a new state with W (h) # §(h) as soon as ac? > 1. The critical temperature becomes
zero when ac? = 1, consistent with the percolation threshold [86] derived from the network
analysis. We show in C.8 that the critical surface (2.141) is indeed identical to the one found

in (C.26), within the approach involving functional distributions.

Finally, within the new formulation of the theory, the replica-symmetric field-conditioned

overlap distribution is found to be

n—1

[{dr} Wn] <Z a ( M’)eﬁ(M/2/20+¢M’)) 7 (M)eBM? /244 M)
P(M = lim _
M J{ary Wix) (g m(M)epOr /200

(2.142)

7.r(]w)eﬁ(M2/2c—&—wM)
Jmwin{ T S )

Insertion of (2.139) allows us to eliminate the functional measure in favour of effective field

distributions:
k r 00
_ —c C" _ack (OéC)
P(M[y) = e de > T! / dhl...dhr[HW(hs)} >
k>0 r>0 o s<r 01..0.<k
hsas 2 C
<eﬁZS§T ‘ 6M72[§k 0'£>O'1...O'keﬂ(M /2 +wM)

BYs<r hsots M2 /2c+p M’
ZM’ <e = e 5M/724§k O'£>o'1...0'keﬁ( / C+w )

_ eczz’jeackz(ﬁ)r /Zdhl...dhr[HW(hs)} >

k>0 r>0 - s<r l1..0.<k
<5MZ T B <k 7?2048V Ty B <, hsTes>
12i0<k 4

<eﬁ(22§k 70)?/2e+BY 3 g TeHB Y < BsTes >

1. Tp==%1

Again, we can rewrite this result (2.143) in the form (2.120), which is more useful to investigate

the system’s performance since it quantifies the statistics of overlaps relative to their maximum
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value k, with

POMIk.) = eackZ(O;C!)T /Zdhl,,.dhr[HW(hs)} >

r>0 - s<r l1..4,<k
By T0)2 /28 Yy TeHB Y gy PsTeg
<5M7Zg§k Tée =k =+ - 5>

<eﬁ(Zegk 70)?[2e4HBY 3 g gy TeHB X g< i hsTe >

T1..Tp=%1

The latter formula shows very clearly that h is to be interpreted as an interference field
among different patterns, which is caused by overlapping signalling in the bi-partite graph B
and leads to clique interactions in the effective H-H graph G. Fortunately, we see in Figure
2.4 that even above the percolation threshold ae? = 1, and even in the interfering phase the

signalling performance of the system degrades only smoothly (see the section below).

2.3.7 Population dynamics calculation of the cross-talk field distribution

We solve numerically equation (2.140) for the interference field distribution W (h) with a
population dynamics algorithm [80], which is based on interpreting (2.140) as the fixed-point
equation of a stochastic process and simulating this process numerically. One observes that

(2.140) has the structural form

W(h) = <<5[h—h(k,r,h,£,7,1/;)]>> (2.145)

kbl
with the following set of random variables:

e k ~ Poisson(c)

e 7 ~ Poisson(ack)

h = (h1,...,hy): r iid. random fields with probability density W (h)

e 7: dichotomic random variable, , distributed uniformly over {—1,1}
e ¢ : distributed according to P(1))

and with

<e/3(25§k72)2/2C+5(Z£§k7'£)(w+7/5)+ﬁ 2 s<r hsTeg )

T1..Tk=%1

Alk,mb 679) = T+ ﬁ log <e3(25§k7z)2/26+B(Z£§m)(¢—T/c)+ﬁ Ps<r PsTeg >

T1..T==1
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We approximate W (h) by the empirical field frequencies computed from a large number (i.e. a
population) of fields, which are made to evolve by repeated numerical iteration of a stochastic
map. We start by initialising S fields hs € IR, with s = 1,...,.5, randomly with uniform
probabilities over the interval [—hmax, Amax|. Their empirical distribution then represents the
zero-step approximation Wy(h) of W(h). We then evolve the fields stochastically via the
following Markovian process, giving at each step n an empirical distribution W, (h) which as

n increases given an increasingly precise approximation of the invariant measure W (h):

e choose randomly the variables k,r, £, 7,1 according to their (known) probability distri-

butions

e choose randomly r fields h = hq,..., h, from the S fields available, i.e. draw r fields
from the probability distribution W,,_;(h) of the previous step

e compute h(k,r, h, €, T,1)

e choose randomly one field from the set of the S available, and set its value to h(k,r, h, €, 7, 1))

We iterate the procedure until convergence, checking every O(S?) steps the distance be-

tween different W, (h), and speed up the computation of h(k,r, h,£,7,1) by rewriting it as

IDZ <ez\/ Bled o<k Tet B o< Te) (W+T/C)+B Y <) hsTeg >

1 T1...Tp,=*1
h k? 7h7 ‘ea 9 == + - lO 1 k
(k,r T,1) TY 23 g [D- <ez,/ﬁ/czngrﬁﬁ(zggw)(zp—v/c)w259 hms> .
T TE=
IDz [Ty coshlz/B/c+ Bp+7/c) + B <) hsbius,]
= T+ fl 0g 2.146)
/Dz [To<y coshlzy/B/c+ B —7/c) + B3 o<, hsee,]

which requires Gaussian integration instead of the average over {1, ..., 7;}. Having computed

W (h), we can build P(M|v) using equation (2.143). The latter can be rewritten as

T1..Tpg==%1 >>
k€

T1..Te==%1

B p< ) /26HBY X gy, TeHB Y g < hsTe >

<5M722<k ©
P(M’w) - << <eB(Z£§k TZ)Q/QCJFﬁI/’Zegk TZ+IBZS§T hs7'£5>

8 70)2 )2+ B Te+B Y g<r hsTey
_ <<<5M,Ze<k7'le egumel’/ 2oz O Dz e >71...Tk:i1>> 2 147)
Z(k,r,h,£,7) k,rh €
with Z(...) = [Dz [[,<, cosh| [4—6 Y—=7/c)+B <, hsu,] as determined as in (2.146).

Hence we can carry out the ensemble average over the parameters {7, k,r, h, £,¢} in this last

expression as an arithmetic average over a large number L of samples drawn from their joint
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distribution ( we choose L = O(107)). The distribution (2.144) is handled in the same way,
and can be rewritten as

2
<5M7Ee<k Téeﬁ(Zegk 70)?/2c+BY 3 g Te B o< hSTZS>T1...Tk::|:1
P(M|k, ) = << FETELD) >>r,h,e,w’ (2.148)

i.e. upon simply omitting the averaging over k.

In the interest of transparancy and an intuitive understanding, it helps to identify the
physical meaning of the random variables involved in the above stochastic process. Given a
subsystem of k spins linked to a particular cytokine pattern (say pattern g = 1, without loss
of generality), we may ask how many other patterns p # 1 interfere with it. This number is

the cardinality of the set

R={¢l i=1,...,N; p=2,...,aN: &'¢ #0}. (2.149)

With each of the k spins (labelled by ¢, with 521 # 0) correspond N —1 cytokine variables
¢! with p > 1. Hence we have, for a set of k spins, k(aN —1) independent possibilities to
generate interfering cytokine signals, each nonzero with probability ¢/N. Thus, for N — oo
the number of possible interferences is a Poissonian random variable with mean ack, which is
recognised to be the variable r. For each value of r we next ask on which of the k spins each
interference acts, i.e. which are the r indices i such that &/’ ¢l # 0 for some p > 1. Each i
refers to one of the k spins selected, so we can describe this situation by r random variables £,
with s = 1,...,r, each distributed uniformly in {1,...,k}, with are recognised as the vector
£. The parameters k, r and £ considered so far depend only on the (quenched) structure of

the B-H network. By conditioning on these random variables we can write

P(M|y) = ie%i’i —ack (@ck)” Z k=T P(Mlk, 7, £,1)
k=0 =0 r!

Zl) 7Zr 1

- << ;51\4,2515; Lk, 7, £, p)e PH @kl y) >> gy (2150)

]C,’f‘,

Inside the brackets we have the overlap M of a single pattern (= 1) with & non-null entries,
whose correlation with the other patterns is specified uniquely by the parameters (k,r,£).
We can write the effective Hamiltonian governing this k-spin subsystem by isolating in the

Hamiltonian (2.58) p =1 contribution:

Hei(0) = —M{(0)/2¢ — Y My (o Z 01 > (Myu(a)/c+ vy). (2.151)

= u>2
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Upon transforming 7 = £} oy, and defining hy(T) = Qfg(Mu/c%— ), and using the meaning
of the parameters r and /5, we arrive at a description involving r non zero fields hg(7), each
acting on a spin fg:

Heg(ri, .. ome) = =) _m)?/2c =Y 1= > he(T)7e,. (2.152)

1<k <k s<r

If we then regard each field hs(7) as a independent random field (conditional on (k,r,£€)),
with probability distribution W (hs), we arrive at
B i Te)2/2¢4BY Y gt Te+B Y o<y BsTes
e < < <
P(a1) = ({ / dh W) (5, YR ) Mg (2153)

This is exactly equation (2.143) obtained within the RS ansatz. Hence the parameters h in

(2.145) represent the effective fields induced by the interferences among the patterns. The
only difference between the rigorous RS derivation and the above heuristic one is that in
the former we effectively find W(h) = [[,., W (hs), i.e. the random fields are independent.
This may not always be the case: if we recall the definition of the r effective fields, viz.
Wy (1) = f}&é‘(MM/c +1),,), we see that as soon as different patterns have more then one spin
in common, their interference fields will not be independent. One therefore expects that the
RS equation is no longer exact if the bi-partite network is not-tree like but contains loops.
Finally we note that in the absence of external fields, the effective fields take values in 7 /¢, so
that W (h) becomes a superposition of delta functions, consistently with numerical results in
Fig. 2.6. This allows in principle a rewriting of the self-consistency equation (2.140) in terms
of the amplitudes of such superposition, which are scalar parameters rather than distribution

and may be easier to find numerically.
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Figure 2.5: Widths (variances) mo = [dh W(h)h? of the distribution of interference field,
shown as markers versus the inverse temperature § for different values of «. In all cases
¢ = 1. The values of mg are calculated from the population dynamics solution of (2.145), and
are (modulo finite size fluctuations in population dynamics algorithm) in excellent agreement
with (2.141). The latter predicts that for the a-values considered and for ¢ = 1 the widths
mg should become nonzero at: G. = 0.6634 (for « = 1.75), §. = 0.5639 (for o« = 2.12), and
Be = 0.4707 (for o = 2.75).

Figure 2.6: The interference field distribution W (h) below the critical temperature and in
the absence of external fields, as calculated (approximately) via the population dynamics
algorithm, for ¢ = 2, a = 2 and # = 6.2. Note that the support of W (h) is Z/c. One indeed
observes the weight of W (h) being concentrated on these points; due to the finite population

size in the algorithm (here S = 5000) one finds small nonzero values for h ¢ 7Z/c due to finite
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Figure 2.7: Left: degree-conditioned conditioned overlap distribution P(M|k,0) in the under-
percolated regime, for k = 6, ¢ = 1, and different [ values (see legend), without external
fields. Solid lines: theoretical predictions. Markers: results of measuring the overlap statistics
in Monte-Carlo simulations of the spin system with Hamiltonian (2.53), with N = 3.10% spins.
Different symbols represent different values of «, namely a = 0.005 (bullets), a = 0.008
(squares) and o = 0.011 (triangles). The theory predicts that here P(M|k,0) is independent
of a, which we find confirmed. Right panel: overlap distribution P(M]0) at zero field in
the under-percolated regime, for £k = 6, ¢ = 1 and o = 0.5, and different temperatures (see

legend). Note that M € 7Z, so line segments are only guides to the eye.

2.3.8 Critical line, overlap distributions, and interference field distribution

First we use the population dynamics algorithm to validate the location of the critical line
(2.141). To do so we keep « fixed and compute W (h) for different values of the inverse
temperature 3. From the solution we compute mo = [dh h?W (h), and determine for which
[-value it becomes nonzero (starting from the high temperature phase), i.e. where patterns
cross-talk sets in. The result is shown in Figure 2.5, which reveals excellent agreement between
the predicted bifurcation temperatures (2.141) and those obtained from population dynamics.
We also see that there is no evidence for discontinuous transitions. In Figure 2.4 we plotted
the bifurcation temperatures obtained via population dynamics versus ac? (markers), together
with the full transition lines predicted by (2.141) and again see excellent agreement between

the two.
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0.45¢

Figure 2.8: Left panel: overlap distribution P(M |k) at zero field in the over-percolated regime,
for k =6, c=1and § = 0.8, and different « values (see legend). Right: the same distribution
at # = 0.8, but now for k£ = 6, ¢ = 3, and different « values (see legend). Note the different
vertical axis scales of the two panels. Solid lines: theoretical predictions, calculated via the
population dynamics method. Markers: results of measuring the overlap statistics in Monte-
Carlo simulations of the spin system with Hamiltonian (2.53), with N = 3.10%*. The theory
predicts that here P(M]|k,0) is no longer independent of «, which we find confirmed. Note
that M € 7Z, so line segments are only guides to the eye.

In the under-percolated regime ac? < 1, there is no possbility of a phase transition and the
only solution of (2.140) is W(h) = d(h). Both equations (2.143,2.144) then lose their depen-
dence on «, and after some simple manipulations we recover our earlier results (2.120,2.121).
In Figure 2.7 we test our predictions for the overlap statistics against the results of numerical
(Monte-Carlo) simulations of the spin process defined by Hamiltonian (2.53), in the absence
of external fields. There is excellent agreement between theory and numerical experiment.
Comparison of P(M|k,0) to P(M]0) shows that the former changes shape as the inverse
temperature 3 is increased from zero, from a single peak at M = 0 to two symmetric peaks,
showing that the system behaviour at high versus low noise levels is very different. In contrast,
P(M]0) has always a maximum in M = 0, due to the Poissonian distribution of k, and does
not capture the two different behaviours. Hence P(M|k,0) is the most useful quantifier of
retrieval behavior, which from now on we will simply denote in the absence of external fields

as P(M|k).

61



When ac? > 1, and below the critical line defined by equation (2.141), the solution of
equation (2.140) in the absence of external fields will exhibit W(h) # §(h), see Figure 2.6.
As a consequence, the effective Boltzmann factor governing the behavior of a set of k spins,
linked to a single pattern, acquires a term 3 ., hs7p, (see equation (2.148)). This term
means that each subsystem is no longer isolated as in the underpercolated regime, but feels the
interference due to the other patterns in the form of effective random fields. Numerical results
for P(M|k) in the overpercolated regime, including comparisons between population dynamics
calculations and measurements taken in numerical similations (involving spin systems with
N = 3.10%) are shown in Figure 2.8. Again we observe excellent agreement. Moreover, we
see that in the regime of patterns cross talks the system’s signalling preformance degrades
only gracefully; provided « is not yet too large, the overlap distribution maintains its bimodal

form.

2.4 High storage regime in a finite connectivity: cavity ap-

proach.

In the previous section, diluted associative networks have been studied via replica analysis, for
pattern-independent dilution. This setting only accounts for special structures of the under-
lying bipartite graph, with all degrees in each set drawn from the same Poisson distribution.
Here we adapt cavity (i.e. belief-propagation) methods to analyze the more general scenario
where degrees in the two sets of spins have arbitrary distributions, thus allowing for a sig-
nificantly broader range of bipartite structures, and corresponding marginalized associative
networks.

We consider an equilibrated system of N binary neurons o; = +1 at temperature (fast

noise) 7' = 1/, with Hamiltonian

P
Hole) = 5 33 koo,
(Y

where pattern entries {£!'} are sparse (i.e. the number of non-zero entries of a pattern is
finite). We can then use a factor graph representation of the Boltzmann weight as [] u F,,

with factors

F,= B L jeow &i€5oios _ (e* X ieow) 55‘”)2, (2.154)
where O(p) = {i : &' # 0} and z is a zero mean Gaussian variable with variance 5. We
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denote by e, = |O(yu)| the degree of a pattern p and by d; = [N (¢)| the degree of a neuron
i, with N(i) = {pu : &' # 0}. We consider random graph ensembles with given degree
distributions P(d) and P(e), and nonzero {’s independently and identically distributed (i.i.d.).
Conservation of links demands N(d) = P(e) where averages are taken over P(d) and P(e).
The message from factor p to node j is the cavity distribution P,(co;) of o; when this is
coupled to factor p only, which we can parametrize by an effective field ¢, ;. The message
from node j to factor u is the cavity distribution P, () of o; when coupled to all factors

except 4, which we can parametrize by the field ¢;_.,. The cavity equations are then [80]

Pu(oj) = TrpgFulo{or}) [] Pulow), (2.155)
keO(u)\j
P,(o;) = [ Puloy), (2.156)
HEN (5)\v

Given the site factorization, conditional on z, of the factors (2.154), translating these to

equations for the effective fields is straightforward:

Yu—j = tanh™Ho;),, = (2.157)
_y (sinh(28) Tlrenrquy cosh(@rp + 285.)) =

tanh ’
(cosh(2€7) TTrenr(uyy oS (r—p + 2€1)-

ij—u/ — Z '(pu—d' (2158)
HEN (5)\v

These equations, once iterated to convergence, are exact on tree graphs. They will also
become exact on graphs sampled from our ensemble in the thermodynamic limit, because the
sparsity of the & makes the graphs locally tree-like, with typical loop lengths that diverge
(logarithmically) with N [55, 78§].

For large N, we can describe the solution of the cavity equations on any fixed graph —
and hence also the quenched average over the graph ensemble and the nonzero pattern entries
&' — in terms of the distribution of messages or fields, Wy (¢) and Wy(¢). Denoting by
U({Pr—pt> 1€}, €;) the rhus. of (2.157), convergence of the cavity iterations then implies the

self-consistency equation

Wol) = 30 0 (4 = W01, fe1, 61,0 6),

where the average is over i.i.d. values of the (nonzero) ¢!,....&% and over i.i.d. ¢y, ..., Pe_1
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Figure 2.9: Histograms Wy (1)) of the field ¢ for o = 8, ¢ = 2 and B~1 = 1,2, as shown in
figure.

drawn from Wy(¢), and similarly

d—1
0= G0 (o= T )
d p=1

where the average is over i.i.d. 91, ...,q—1 drawn from Wy (¢). Field distributions can then
be obtained numerically by population dynamics (PD) [80]. For symmetric &-distributions,
a delta function at the origin for both Wy, Wy is always a solution, and we find this to be
stable at high temperatures. At low T', the ¢ can become large (see Fig. 2.9), hence also the
¢, and the spins o;, will typically be strongly polarized. The fields 3¢ > jeo(u \Zf oj then
fluctuate little, and the 1 as suitable averages of these fields cluster near multiples of 3 (for
¢ = +1).

Our main interest is in the retrieval properties, encoded in the fluctuating pattern overlaps
My = D ieM(u) &"o;. Since the joint distribution of the oy in M (u) is F,,({o4}) [Licar(uy Puloi),

the distribution of the pattern overlap m,, is

Trio;} <5(mu —m) exp(Pienr(u (€2 + ¢Hu)0'i)>z
Trr (xD(Licnr €'z + bimp)er))

(2.159)
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Figure 2.10: P(m|e = 6) above (left) and crossing (middle and right) the critical line for
different values of 3 and «, respectively. Full red (dashed blue and dotted green) curves in

the middle and right panels refer to temperatures above (below) the critical line.
Defining this as P(m, {¢i—,}, {£/'}), in the graph ensemble we have
ZP PO, 1, ... der €y e)) - (2.160)

The average here can be read as P(m/|e), the overlap distribution for patterns with fixed degree
e. Whenever Wy(¢) = 6(¢), P(mle) is the overlap distribution for an “effectively isolated”
subsystem of size e: the neurons storing each pattern £” can retrieve this independently
of other patterns, even though the number of patterns is extensive. Retrieval within each
group of neurons is strongest at low temperatures (see Fig. 2.10 left) as expected on general
grounds. Once nonzero ¢ appear neuron groups are no longer independent: intuitively, cross-

talk interference between patterns emerges.

2.4.1 Bifurcation

When the “parallel processor” solution with zero cavity fields ¢ becomes unstable, a bifurcation
to a different stable solution occurs. Depending on the external parameters, this can be seen

in the first or second moment of the field distribution. Expanding for small fields we get

({Cbk—w} {gk} 5/1 Z Cbk_w £k> 7{&“})7

keO(u)\j

with coefficients Z(&Y, ;‘, {€/'}) given by

(sinh(z{f) sinh(zﬁ,’:)l—[leo(”)\{m} cosh(z€]")).
(TLico(u cosh(2§))-
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The self-consistency relations for the field distributions Wy, and Wy then show that as long

as the mean fields are small, they are related to leading order by

W) = <¢>ZP<e>‘ﬁf>”<z<sh...,§e>>, (2.161)
@) = B, (2.162)

where Bg = ), P(d)d(d — 1)/(d) is one of the two branching ratios of our locally tree-like
graphs, the other being B. = ) _ P(e)e(e — 1)/(e). If the means are zero then the onset of

nonzero fields is detected by the variances, which are related to leading order by

@?) = <¢2>ZP(e)e(?;l)<E2(§1,...,§e)>, (2.163)
(@*) = Ba(y?). (2.164)

2.4.2 Symmetric pattern distributions

When the £ are symmetrically distributed, then also the field distributions are always sym-
metric and there can be no instability from growing means; cf. (2.161). The bifurcation has

to result from the growth of the variances, which from (2.164) occurs at A = 1 with
e(e—1), 4
A:BdZP(e)T@ (€155 8e))- (2.165)
&

This factorizes as A = ByA.() with the dependence on the noise and the distribution of the
e’s contained in the second factor A.(3). For 8 — 0 the variance of z goes to zero and A.(0) =
0. For 8 — o0, the z-averages are dominated by large values of z where sinhQ(z) ~ cosh? (2),
s0 Ac(00) = Be. Hence there is no bifurcation when ByB, < 1, in agreement with the general
bipartite tree percolation condition [86]. For the case P(¢!' = 1) = ¢/(2N) considered in the
previous section, the distributions of pattern degrees e and neuron degrees d are Poisson(c)
and Poisson(ac), respectively, so By = ac, B, = c and there is no bifurcation for ac? < 1. The
network acts as a parallel processor here for any T because the bipartite network consists of
finite clusters of interacting spins in which there is no interference between different patterns.
At higher connectivity, the critical line defined by A = 1 indicates the temperature above
which this lack of interference persists even though the network now has a giant connected
component. Fig. 2.11 (left) compares theory to PD results, where we locate the transition as
the onset of nonzero second moments of the field distributions. The impact of the transition

on the overlap probability distribution of a pattern with fixed e can be seen from the PD
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results in Fig. 2.10 (middle and right panels). Crossing the transition line, parallel retrieval is
accomplished at low temperatures, but it degrades when « is increased (see shrinking peaks
in the middle panel), or ¢ is increased, eventually fading away for sufficiently large o and ¢
(right panel).

One advantage of our present method is that we can easily investigate the parallel pro-
cessing capabilities of a bipartite graph with arbitrary degrees {e,}. Here we have a pattern-
dependent dilution of the links P(§) o< [[; , P(§/) 1, Oc,.,5 |e#| With

e &
P(¢h) = ﬁ(égm + 0 1) + (1 ﬁu)‘sféﬂo (2.166)

leading to P(d) = Poisson(a(e)) while P(e) = P~! > 0c,e,- 1f we keep the mean degree fixed

at (e) = ¢, the critical point for § — oo is found at

ByB, = ac((e®) Je—1) = a[c(c— 1) + Var(e)] = 1

while for large o one obtains for the critical line 8.1 (a) ~ /ay/c(c — 1) + Var(e). Similar
results are obtained with soft constraints e, on the degrees, i.e. by dropping the delta function
constraint in P(&) before (2.166): one now finds ByB. = a(c? + Var(e)) and 8. () ~
\/a\/m . In both cases, the region where parallel retrieval is obtained is larger for
degree distributions with smaller variance; the optimal situation occurs when all patterns have
exactly the same number ¢ of non zero entries (Fig. 2.11, right): notably, scale free networks

(best performing for information spreading [86]) are not optimal for information processing.

2.4.3 Non-symmetric pattern distributions

To introduce a degree of asymmetry a € [—1,+1] in the pattern distribution, we next take
for the nonzero pattern entries P(¢! = £1) = (1 +a)/2. Evaluating the {-average (Z(...)) in

(2.161), the condition for a transition to nonzero field means then becomes

efe —1) <sinh2(z) coshe_Q(z)>
(e) (cosh®(2)),

1=0a’B; Y _ Ple) z (2.167)
e

At zero temperature the bifurcation occurs when ByB. = a~2; when a tends to zero the

transition point goes to infinity and we retrieve the symmetric case. Beyond the bifurcation,

non-centered field probability distributions (see Fig. 2.12) produce a non-zero global mag-

netization typical of ferromagnetic systems. One has to bear in mind, however, that even

with a bias in the pattern entry distribution a bifurcation to growing field variances at zero
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Figure 2.11: Transition lines (theory, with symbols from PD numerics) for different pattern
degree distributions. Left: e ~ Poisson(c=1). Right: changing P(e) at constant (e) = 3;
P(e) =de3 (blue); P(e) = (0e2 + de3 + 0ea)/3 (green); P(e) = (02 + 0ca)/2 (pink); P(e)

power law as in preferential attachment graphs, with (e?) = 21.66 (orange).
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Figure 2.12: Histogram of the fields ¢ in the ferromagnetic region, for ¢ = 1, 8 = 1 and
different levels of bias: a = 0.9 with @ = 9 (left) and @ = 1 with a = 8 (right). Field
distributions are obtained by PD starting from positive fields, to break the gauge symmetry.
For a = 1 (right) there are only positive fields as expected: when all patterns have positive

entries there are no conflicting signals, even above the percolation threshold.
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Figure 2.13: Transition lines to growing field means (theory, green) and variances (theory,
red), showing a good match to numerical PD data (dots); here ¢ = 1 and pattern bias
a =1,0.95,0.9 from left to right. The first line to be crossed from high T = S~! gives the

physical transition.

means can occur; the physical bifurcation is the one occurring first on lowering 7". Numerical
evaluation shows that both bifurcation temperatures increase with «. For large o one can
then resort to a low-3 expansion: <sinh2(z) coshe_Q(z)> ~ (2*) = B, (cosh®(z)) ~ 1. This
gives for the growing mean bifurcation condition 1 ~ BgB,3a® while for the growing variance
bifurcation one gets 1 ~ ByB.3?. For Poisson graphs ByB. = ac?, giving the transition lines
ﬂ;ll(oz) ~ c?a’a and 5(221(04) ~ c¢y/a for large a. In the presence of a nonzero pattern bias a
these cross at o = 1/(ca?), with the bifurcation to growing means occurring first for larger a.
The existence of this crossing is confirmed by numerical evaluation of (2.165) and (2.167) for
finite « in Fig. 2.13.

Summarizing, we have developed a cavity /belief-propagation framework to analyze finitely
connected bipartite spin glasses, with arbitrary structure (arbitrary pattern degree distribu-
tions ) and an arbitrary degree of asymmetry in the link distribution, finding that:
-Extensive multitasking features appear quite naturally in these systems.

-A transition surface separates the region in («, 3, ¢)-space where the network is capable of
parallel extensive retrieval, from the region where pattern interference affects the network
performance as a parallel processor.

-Homogeneous degree distributions in the bipartite network favors parallel retrieval.

-A biased distribution of the sparse pattern entries can yield a macroscopic net magnetization
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and shrinks the region of parameter space where no pattern cross-talk occurs. However, in
this ferromagnetic region, pattern cross-talk may result in a constructive interference between

patterns, which does not disrupt the parallel retrieval performed by the network.
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Chapter 3

Hierarchical Hopfield model

While the Hopfield model acts as the harmonic oscillator for serial processing, once the sys-
tem is allowed to relax, it spontaneously retrieves one of the stored patterns (in suitably
regions of the tunable parameters, e.g. low noise level and not-too-high storage load), the
diluted Hopfield models, as a generalization of this paradigm, appear as candidates mean-field
multitasking networks able to perform spontaneously parallel retrieval, i.e. to retrieve more
patterns at once (without falling into spurious states). While these two networks perform
in a crucial different way (serial versus parallel), they share the same mean-field statistical
mechanics approximation: each unit interacts with all the others it is linked to with the
same strength, unaware of any underlying topology, namely independently of the actual pair-
wise distance among the neurons themselves. This limitation has always been considered as
something to remove as soon as mathematical improvements of available techniques would
allow.

Infact, in the last decade, extensive research on complexity in networks has evidenced
(among many results [87, 100]) the widespread of modular structures and the importance
of quasi-independent communities in many research areas such as neuroscience [38, 72, 101],
biochemistry [58] and genetics [44], just to cite a few. In particular, the modular, hierarchical
architecture of cortical neural networks has nowadays been analyzed in depths [82], yet the
beauty revealed by this investigation is not captured by the statistical mechanics of neural
networks, nor standard ones (i.e. performing single pattern retrieval) [70, 15| neither diluted
ones (performing multiple patterns retrieval) |4, 47|, for the lacking of a proper definition of

metric distance among neurons.

Far from Artificial Intelligence, but exactly to this task (i.e. bypassing mean field lim-
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itations), a renewal interest is nowadays raised for hierarchical models, namely models in
which the closer the spins the stronger their links (Fig. 3.1). Starting from the pioneering
Dyson work [53], where the hierarchical ferromagnet was introduced and its phase transi-
tion (splitting an ergodic region from a ferromagnetic one) rigorously proven, recently its
extensions to spin-glasses have also been investigated [41, 71, 43, 18, 91, 48, 19]. Although
an analytical solution is still not available, giant step forward toward a deep comprehension
of the hierarchical statistical mechanics have been obtained [42, 40, 56, 76, 77, 83, 84, 85].
Here we investigate the retrieval capabilities of an Hopfield model embedded in a hiararchical
structure. Following [10, 11, 12], we start studying the Dyson Hierarchical model (DHM) and
we show that, as soon as ergodicity is broken, beyond the pure ferromagnetic state (largely
discussed in the past, see e.g., [57, 32]), a number of metastable states suddenly appear and
become stable in the thermodynamic limit. The emergence of such states stems from the
weak ties connecting distant neurons, which, in the thermodynamic limit, effectively get split
into detached modules. As a result, if the latter are initialized with opposite magnetizations,
they remain stable.

This is a crucial point because, once implemented the Hebbian prescription [70, 15] to
account for multiple pattern storage, it allows proving that the system not only is able to
retrieve any single pattern at a time as a standard Hopfield model, but its communities can
perform autonomously, hence making the simultaneous retrieval of multiple patterns feasible
too. We stress that this feature is essentially due to the notion of metric the system is endowed
with, differently from the multiple retrieval performed by the mean-field multitasking networks
which require blank pattern entries [4, 3, 5, 47|. Therefore, the hierarchical neural network is

able to perform both as a serial processor and as a multitasking processor.

3.1 Analysis of the Dyson hierarchical model

The Dyson Hierarchical Model (DHM) is a system composed -at the microscopic level- by
2F+1 Ising spins 0; = £1, with ¢ = 1,...,2**! embedded in a hierarchical topology. The

Hamiltonian capturing the model is recursively introduced by the following

Definition 3.1.1. The Hamiltonian of Dyson’s Hierarchical Model (DHM) is defined by

2k+1

o R o J
Hy11(G1J, p) = Hi(01) + Hi(02) — 22061 D) > ooy, (3.1)
i<j=1
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Figure 3.1: Schematic representation of the hierarchical topology where the associative net-
work insists. Green spots represent Ising neurons (N = 16 in this shapshot) while links are
drawn with different thickness mimicking various interaction strengths: The thicker the line,

the stronger the link.

where J > 0 and p € (1/2,1) are numbers tuning the interaction strength. Clearly 01 =

{oiticicor, 02 = {0} ar1<j<ortr and Holo] = 0.

Thus, in this model, p triggers the decay of the interaction with the distance among spins,
while J uniformly rules the overall intensity of the couplings. Note that this model is explicitly
a non-mean-field model as the distance d;; between two spins 4, j ranges in 0 and k (see

Fig.3.1). Indeed, it is possible to re-write the Hamiltonian (3.1) in terms of the d; ; as

Hk[{al...@k}] == *ZO‘Z‘O']'JZ']' (3.2)
1<j
k .
J 4p_d1,]P _ 4—kp
bk (o) = st bop ) =T a9
=d; ;

Once the Hamiltonian is given (and we refer mainly to the form (3.1)), it is possible to

introduce the partition function Zy,1(83, J, p) at finite volume k + 1 as

2k+1

Ze1(8,J,p) = Y exp [=BHy41(] 7, p)], (34)

[

and the related free energy fi4+1(5,J, p, h), namely the intensive logarithm of the partition
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function, as
2k+1

1 o
ferr(B,J,0) = G log» exp |~BHps1(3)+h > o . (3.5)
7 i=1

We are interested in an explicit expression of the infinite volume limit of the intensive free

energy, defined as
f(/Ba Jv p) = kll»ngo fk+l(67 Ja :0)7

in terms of suitably introduced magnetizations. To this task we introduce the global magne-
tization m, defined as the limit m = limg_, oo mi+1 Where

2k‘+1

1
Mi+1 = ok+1 Z Oi, (3.6)
i

and, recursively and with a little abuse of notation, the k magnetizations my, ..., my level by
level (over k levels and starting to defined them from the largest bulk), as the same k — oo
limit of the following quantities (we write explicitly only the two upper magnetizations related

to the two main clusters the system reduces to whenever Jx — 0):

1 2k: 1 2k+1
Mieft = 27 Z Oiy  Myright = 27 Z 0. (37)
1=1 i=2k+1

As a last point, thermodynamical averages will be denoted by the brackets (-), such that

EamkHe*ﬁHHl(&Mp)
N ?J7 _ s 7 3.8
( kJrl(/B p)> Zk+1(ﬂ7 J) ﬂ) ( )

and clearly (m(6, J, p)) = limy oo (my11 (5, J. p))-

3.1.1 The thermodynamic limit

The existence of the thermodynamic limit for the free energy of the DHM has been achieved
a long time ago by Gallavotti and Miracle-Sole [57]. We exploit here a different interpolating
scheme with the pedagogical aim of highlighting the technique more than the result itself as
it will then be used to prove the existence of the thermodynamic limit for the hierarchical
Hopfield network. The main idea is that, since the interaction is ferromagnetic, the free energy

is monotone in k, with the introduction of new levels of positive interactions.

Theorem 3.1.2. The thermodynamic limit of the DHM free energy does exist and we call

kli{gofk‘-i-l(ﬁa va) = f(ﬁaJ)p)
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Proof. To prove this statement let us introduce a real scalar parameter ¢t € [0,1] and the

following interpolating function

1 . I _ -
Pr14(8) = gy log D exp(B(—H(d1) — Hy(d3) + 28 D20 DU=20m (3)), - (3.9)
with my,q = zk% Z?i? o1, such that
Pri11 = e+, (3.10)
Pri10 = J (3.11)
and
dPpi14 1 ok+1)o(k+1)(1-2p) y . BJ2k+1)(1-2p)
0< Bbais <52M . mia@) <P m
t
Since
Lddgyy
Ppt1,1(h) = Pry1,0(h) +/ —g
0
fr+1 > fr (the sequence is non-decreasing), thus
B o k1) (1-20)
Iterating this argument over the levels we obtain
,BJ k+1
Jes1(B,.p) < Jo(B, J.p) + =5 Y2072, (3.14)
=1
In the limit of £ — oo
J o
f<fot % D ol (3.15)
=1

The series on the right of the above inequality converges, since p > %, hence

87 1

f(B,J,p) < fo(B3, J»P)+7m- (3.16)

The sequence fi(3,J, p) is bounded and non-decreasing, so it admits a well defined limit
for k — oo.

O]
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3.1.2 The mean-field scenario

In this Section we investigate the equilibrium states of the Dyson model at the mean-field
level, in particular we check the existence and the stability of two test-states: the (standard)
ferromagnetic state (with all the spin aligned, hence myer = myignt) and the simplest mixed
state, namely a state where all the left spins (that is the first 1, ..., 2¥ spins) are aligned each
other and opposite to the right spins (that is the remaining 2* + 1, ..., 28! spins), which -in

turn- are aligned each other too (hence miefr = —myight).

Definition 3.1.3. Once considered a real scalar parameter t € [0,1], we introduce the follow-

ing interpolating Hamiltonian

2k+1 2k+1
Jt
Hi41.4(6) = = 5,075y > gioj — (1= t)ymJ2FTDA=20 N " 5 4 [y (61) + Hi (%), (3.17)
i>j=1 i=1

such that for t = 1 the original system is recovered, while at t = 0 the two body interaction

is replaced by an effective but tractable one-body term. The possible presence of an external

magnetic field can be accounted simply by adding to the Hamiltonian a term hzgkﬂ oi,
with h € IR.
This prescription allows defining an extended partition function as
2k+1
Zi1a(h, B, ,0) = exp{—=B[Hy114(3) +h Y _ ail}, (3.18)
G i=1
where the subscript ¢ stresses its interpolative nature, and, analogously,
1
Cri1(h, B, J,p) = i 10g Zisrp(h, B, p). (3.19)
Since
q)k-i-l,()(hv Ba J, P) = Qk,l(h + m‘]2(k+1)(1_2p)7 ﬁa J, p)7 (320)

as shown in [40], (discarding the dependence of ® by 3, J, p for simplicity) through a long

but straightforward calculation, we arrive to

J _ _ J _ .
Prr11(h) = Pryp1(h) — %(z(kﬂ)(l 20)m? 272k e) 4 %Q(kﬂ)(l 20 {(mp11(6) — m)?),
> O 1<h + JmQ(k+l)(l—2p)) _ /87‘](2(743+1)(1—2p)m2 + 2—2(k’+1)p). (321>

2

Note that, in the last passage, we neglected level by level the source of order parameter’s

fluctuations ((my41(G) —m)?) , -Which is positive definite- thus we obtained a bound for the
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free energy.
For the seek of simplicity we extended the meaning of the brackets to account also for the in-
terpolating structure coded in the Boltzmannfaktor of eq.(3.18), by adding to them a subscript
t, namely (-) — (-)¢.

In order to start investigating non-standard stabilities, note further that ®5y;10(h) =
Oy, 1 (h 4+ mJ20+D0=20)) but in principle we can have also two different contributions from
the two groups of 2% spins (left and right) thus we should write more generally

1

Priro(h) = 5 [@}c,l(h +mJ2W D=2y 4 @2 (B 4 m g2k 0=20)) | (3.22)

Now let us assume the Amit perspective [15] and suppose that these two subsystems have
different magnetizazions mye ¢ = m1 and my.igns = ma (equal in modulus but opposite in sign,
i.e. m; = —meg): this observation implies that, starting from the k-th level, we can iterate
the interpolating procedure in parallel on the two clusters using respectively mi and mso as

trial parameters. Via this route we obtain

Qry11(h) > %@071 {h+ J Zk:QZ(l—zp)ml + 2(k+1)(1_2p)m] }
1 1:1
+ §<I>071 {h +J ; 1=2p) 1 2(k‘+1)(1—2p)m] }
=1 1=1
that is

k
Bh+ 3J (ml Z 2l(172p) 4 2(k+1)(12p)m>

=1
b

k+1 k 2 2
BI | o k+1)(1-2p) 2 Y BJ I(1—2p) [ ™71 + M)
-5 9(k+1)(1=2p) ., Jrlz;Q P 2;2( P) e

= f(k,m,m1,ma|h,B,J,p). (3.24)

b

1
frr(h B, p) 2 1og2+2{logcosh

k
Bh+ BJ <m2 Z ol(1=2p) o 2(k+1)(12p)m>

=1

1
+ 3 {log cosh

Therefore, we have that fry1(h,8,J,0) > SUP.y, my.m, f(k;m,m1,malh, 3,J, p) and we need
to evaluate the optimal order parameters in order to have the best free energy estimate.

Taking the derivatives of the free energy with respect to m, mi and mo we obtain the self
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consistent equations holding at the extremal points of f(k, m,mi, malh, 3, J, p), which read

as

m, = tanh [ﬁh + BJ (ml Zle ol(1-2p) 4 2(k+1)(1—29)m>} ,

me = tanh [ﬂh + 8J (mg Zle 9l(1-2p) 4 2("""1)(1_2”)771)} ,

_ mi+ma
m = 5 s

where the third equation is only a linear combination of m; and ms and it simply states that
the global magnetization is the average of the ones of the two main clusters.

It is easy to see that, at zero external field h = 0, the Pure solution m; = ms = m = mp,
where the whole system has a non zero magnetization, and the Antiparallel (meta-stable) one
ma4 = m1 = —mg and m = 0, where the system has two clusters with opposite magnetizations
and no global magnetization, both exist.

Clearly, according to the value of the temperature, we can have a paramagnetic solution
(mp = myq = 0), or two gauge symmetric solutions for each of the two possible states

(xmp,tmy). Taking the thermodynamic limit we get the following

Theorem 3.1.4. The mean-field bound for the DHM free energy associated to the meta-stable

state reads as

f(ha/ga Jap) Z sup lim f(k7m7m17m2)
m1,ma,m k—o0
1
= sup log 2 4+ —log cosh(Bh + BJCap—1m1)
mi,ma 2

BJIC2p  BIC-1 (m% +7g%’ﬁ)
2 2 2\

where Cy = % The mean field bound for the DHM free energy associated to the ferro-

1
+ 5 log cosh((Bh + BJCop_1m2) —

magnetic state can be obtained again simply by identifying m1 = mo = m.

In the thermodynamic limit, the last level of interaction (the largest in number of links
but the weakest as for their intensity), that would tend to keep my and ms aligned, vanishes.
Thus the system effectively behaves just as the sum of two non interacting subsystems with

independent magnetizations satisfying the following

Proposition 3.1.5. The mizture state of the DHM has two independent order parameters,

one for each larger cluster, whose self-consistencies read as

my2 = tanh (ﬁh + ﬂJCbpflmLz) . (3.26)
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One step forward, if we want to find out the critical value (. that breaks ergodicity, we

can expand them for k — oo, and for h = 0, hence obtaining, in the limit m; o — 0:
1-2
my ~ BJImi 125 + O(m3),

1-2p
Mo ~ 5Jm2m + O(m3),

such that we can write the next

Corollary 3.1.6. Mean-field criticality in the DHM has the classical critical exponent one

BuF

half and critical temperature given by

mp  1—217%

One may still debate however that, while the intensity of the upper links is negligible, it
may still collapse the state of one cluster to the other (thus destroying metastability), as for
instance happens when we use a vanishing external field in a critical mean-field ferromagnet
to select the phase by hand. In the appendix D we give a detailed explanation, and a rigorous
proof, that this is not the case here: The DHM has links too evanescent to drive all the spins

to converge always to the same sign and mixture states are preserved.

3.1.3 The not-mean-field scenario

In this Section we bypass the mean-field limitations and show that the outlined scenario is
robust even beyond the mean-field picture. We stress that it is not a rigorous solution of
the free energy, but rather a more stringent (with respect to the mean-field counterpart)
analytical bound supported by extensive numerical simulations. In particular, we exploit
the interpolative technology introduced in [40] to take into account (at least a) part of the
fluctuations of the order parameters (thus improving the previous description) as, in models
beyond mean-field, the magnetization is no longer self-averaging and its fluctuations can not

be neglected. Let us start investigating the improved bound with the following

Definition 3.1.7. Once introduced two suitable real parameters t, x, the interpolating Hamil-

tonian that we are going to consider to bypass the mean-field bound has the form

Hj114(0) = —tu(d) — (1 — t)v(6) + Hi(c1) + Hi(02), (3.28)
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Figure 3.2: Behavior of the magnetizations for the Dyson model within the non-mean-field
scenario. Left panel: Pure state (serial processing). Right panel: Mixture state (parallel
processing). Note that the difference in energy among the pure state and the mixture state
scales as AF o 2(k+1)(1=20) " thys -in the thermodynamic limit- the parallel state becomes

effectively stable.

with
7 o(k+1) 7 ok+1
- x
u(d) = 22p(k+1) Z oi0j + 9. 92p(k+1) Z (0; —m)(oj —m),
i>j=1 i,j=1
ok ok+1 9k+1
. J(1 +x) _
v(d) = 5 92(kr D) Azl(oi —m)(o; —m)+ z; (0i —m)(o; —m)| + mJ2k+1(1=20) z; Ty
LI= 1,j=2%+1 1=

where x > 0 accounts for fluctuation resorption and 0 <t < 1 plays as before.

The associated partition function and free energy are, respectively,

2k+1
Ziraa(w,h) = > expq =B [Hey14(8) +h D> ai| ¢, (3.29)
7 i=1
1
Sz h) = S 108 Zisr(@, ). (3.30)

The procedure that yields to the non-mean-field bound for the free energy permits to obtain
(see [40]) the following expression for the pure ferromagnetic case (where again we omitted

the dependence by 3, J, p for simplicity)

fre1(h, B, J,p) = <I>k,1<217p, h+ m2tD0-20)) [ZJ(?(’“*”“‘Q‘W +27%0F) - (3.31)
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However, as shown for the previous bound, let us now suppose that the system is split in two
parts, with two different magnetizations ms.p; = m1 and myigp; = ma: resuming the same

lines of reasoning of the previous Section, we obtain

b m2krD-20)y.
(3.32)

From this point we can iterate the previous scheme point by point up to the last level of the

1
q%l( h 4+ m2k+D (- 2p)) <I>,1€71(22p h 4+ m2k+D (- 2p))+ @kl(

220’ 220’

hierarchy using as trial order parameter m; o for ®L2 respectively. As a consequence, formula

(3.31), derived within the ansatz of a pure ferromagnetic state, is generalized by the following

expression
1 k+1
frr1(h,B,J,p) > <I>01 22—21;) h+Jm1221 (1=20) 4y Jo(k+1)(1— 2p))+
1 li+11 =1
—|—2<I>01 ;2 2lp h+ngl§;21(1 20) 4 . ok+D)(1= gp))+

k k1
_BJ Z2l(1—2p)(m% + mg) _BJ 22—2lp _ ﬂg(lﬁl)(l—%)m?_
2

2 2 2
=1

An explicit representation for ®g 1 reads as

k+1
D1 (D 2770 h+Jmlz2“ 20) 4 g2 HDU=20)y — 12 4
=1 =1

k+1 k+1

k
+B2—J(1 +m?) Z 27217 4 Jog cosh {ﬁh + BmJ2k+D0=20) o gy g [Z (1=2p) Z 9~ 2lp
=1

=1

in such a way that

k k+1
fre1 >log2 + %log cosh {,Bh + BmJg2k+tD(=20) 4 gy g [Z 2l(1=2p) _ 22*21’3 } +
1=1 1=1
1 k k+1
+ 5 log cosh {6h + BmJ2k+1(=20) 4 gy g Z 2l(1=2p) _ Z 9~ 2p } +
=1 1=1
k+1
ﬁJ 1(1-2p) —a1 ml +mj
_ 9l(1-2p) 9—2lp
Z Z )+

Summarizing, in the thermodynamic limit one has the following
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Theorem 3.1.8. The non-mean-field bound for the DHM’s free energy associated to the miz-

ture state reads as

1
f(ha B? J, p) > sup {10g2+ ilogCOSh [ﬁh—kﬁmlJ(Cbpil — CZp)] + (336)
mi,m2
1 J m2 + m?2
4 Slogeosh 3+ B (Copet = Cop)l = 5 (Caper = Cay) (2) 3
where Cy = %

Proposition 3.1.9. Fven beyond the mean-field level of description, the mizture state of the
DHM is described by two independent order parameters, one for each larger cluster, whose

self-consistencies read as
my2o = tanh(ﬁh + BJmLQ(CQp_l — CQP)). (3.37)

As for the MF approximation, we are going to find the critical temperature (.; considering

the system at zero external field h = 0, thus writing

my ~ ﬂJﬂ’L1(22p}1_1 - 220_1272/3) + O(m?)a

mo ~ /BJmQ(QQp}l_I - 22p_1272p) + O(m%)v

so to get the following

Corollary 3.1.10. This non-mean-field criticality, in the DHM, has the classical exponent

too but a different critical temperature BNME given by the following formula:
2% —1)(1— 212

3.2 Analysis of the Hopfield hierarchical model

As we saw in the previous Section, the Dyson model has a rich variety of states, whit the
same free energy in the thermodynamic limit. Now we want to apply the analysis previously
outlined and the ideas that stemmed from the related findings to a Hierarchical Hopfield
Model.

To this task we need to introduce, beyond 2*+! dichotomic spins/neurons, also p quenched
patterns &#, u € (1,...,p), that do not participate in thermalization: These are vectors of

length 2*1 whose entries are extracted once for all from centered and symmetrical i.i.d. as
1 1
P(&) = 308" = 1) + 56(&" + 1) (3.39)
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Mirroring the previous Section, the Hamiltonian of the hierarchical Hopfield model is as

well defined recursively by the following

Definition 3.2.1. The Hamiltionian of Hierarchical Hopfield model (HHM) is defined by

P 2k+1

- - - 1 1
Hy41(6) = Hy(01) + Hy(d2) — 2 9201 Z Z §i'loio; (3.40)
p=11,5=1
with Ho(o) = 0; p € (1/2,1) is a number tuning the interaction strength with the neuron’s
distance, and p is the number of stored patterns. Accounting for the presence of external
stimuli can be included simply within a one-body additional term in the Hamiltonian as o

h, S 2 et and Il the stimuli i lished ;
wyi & oi, and a survey overall the stimuli is accomplished summing over p € (1,...,p)

all the hy,.

Even in this context, we can again write the Hamiltonian of the HHM in terms of a

distance d; ; between the spin pair (4, j) obtaining

S (S =
Hk[{O’l...Uzk}] = *ZO’Z‘O']' Z (W) :7ZUinJija (341)

i<j I=d; i<j

A F

Ji o= ) (’*WJ) = J(dij k. p) ) ElES (3.42)
l:di’j Mil

where, the Hebbian kernel on a hierarchical topology becomes modified by the distance-

dependent weight
qr—dijp _ g—kp

J(dl,]7k7p): 4p_1

(3.43)

Definition 3.2.2. We introduce the Mattis magnetizations (or Mattis overlaps), over the

whole system, as
2k+1

1
mu() = g D €l (3.44)
=1

The definition can be extended trivially to the inner clusters restricting properly the sum over

the spins, e.g. dealing with the two larger sub-clusters as before we have

1 2k: 1 2k+1
mlift = 9k ngaiv mﬁight =~ ok Z ffaj' (3.45)
=1 j=2k41

83



3.2.1 The thermodynamic limit

As for the previous investigation, at first we want to prove that the model is well defined,
namely that the thermodynamic limit for the free energy exists. To this task we have the

following

Theorem 3.2.3. The thermodynamic limit of the HHM’s free energy exists and we call

kli»nolofk+1(ﬁ7p7p) - f(ﬁapvp)

Let us write the Hamiltonian as

- 5 . 1 p
Hk+1(0):lLflc(Ul)Jerz(ffz)_52(1“+1 (k1) (1=2) Z p (G

and let us consider the following interpolation, where again -for the sake of simplicity- hereafter
we stress the dependence by the external fields {h,} only and use the symbol E¢ to denote

averaging over the quenched patterns:
ppr,e({p}) = (3.46)

1 . P p
= WEg logz exp B | —Hi(o1) — Hi(o3) + t22(k+1 o(k+1)(1=2p) Z ML) + Z h, & o
P p=1

We notice that

Ppr11(h) = fes, (3.47)
Qpi10(h) = fi (3.48)
and that
d 1 9+ o(k+1)(1-2p) P Ftl 12
—Phi1s = <2k+1 5 ;[mu (@)%) >o0. (3.49)
= t

in such a way that fri1(8,p,p) > fr(B,p,p). Now we want to prove that fri1(5,p,p) is
bounded: it is enough to see that

1
d
fkr1(8,p,0) = fu(B,p, p) +/0 @(I)k—&-l,t : (3.50)
Since we have
d 9(k+1)o(k+1)(1-2p) P . 9(k+1)9(k+1)(1-2p)
— Oy = (B (mF1(#)* ) < pp : (3.51)
dt 2 ot 2
= t
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we can write
9(k+1)(1-2p)

Iterating this procedure over the levels we get
ﬁp k+1
fer1(8,p:p) < fo(B,p, p) 22“ %), (3.53)

such that, in the £ — oo limit, we can write
£ < fot P i 2l (1=2p)
- 2 =1

Since p > = the series on the r.h.s. of the above inequality converges, thus f(53,p,p) is

bounded by

Bp 1
f(B,p,p) < fo+ — 9 2@ 1) 1

and non increasing for (3.49), then its thermodynamic limit exists.

3.2.2 The mean-field scenario

Plan of this Section is to investigate the serial and parallel retrieval capabilities in the HHM
at the mean-field level. As usual, we obtain our goal by mixing the Amit ansatz technique

(in selecting suitably candidate states for retrieval) with the interpolation technique.

Definition 3.2.4. Let us define the interpolating Hamiltonian Hyy14(0) as

p 2k+1 ok+1
Hi114(9) = Hyp(01)+Hy(02) — 5 22p 5ot D D Sl oo —(1-t) a(k+1)(1=20) Zm Zé i,
p=11,5=1
(3 54)

Clearly, we can associate such an Hamiltonian to an extended partition function Zj41 +(h)

and to an extended free energy ®51.(h) as

21€+1
Zes1i({hu}) = ZGXP —B | Hi41,4(0 +Zh Z&f‘o‘i , (3.55)
g =1
1
Crre{hd) = SrpBelog Zirre({hy}), (3.56)
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where, for the sake of simplicity, we stressed only the dependence by the fields. We can rewrite

(3.54) as

- - - 22k & k+1)6(1—2p) (k+1) -
Hyt1,4(0) = Hk(Ul)JFHk(@)—m Z:lmk:—&-l ()= (1—t)2( D01 =20) z:lmk—i-l,#( 7) My,
p= p=
(3.57)
It is easy to show that
Ppp1a({hp}) = frra, (3.58)
D1 0({hy) = ({4 20FDA20 1), (3.59)
and that
4P 11 LA A Hi14(9)
k+1,t m k+1,t\0
= B(H, h _—
dt 2641 Zi 14 Z&:exp( er1.(5) + Z a ZZ §'oi)) dt )
11 SN
= —— B(H h p
9k+1 L1t Zexp( k+1, t(0) + Z K ZZ & 7))
(P B 5 #) — gl (-0 g(k+D) .
2 9. 92p(k+1) Z mk+1 yL (7) = 2 2 2:1 My 41,(5))
: /'L:
P p
= 2(k+1 Y1=2¢) <ka+1,u — 2mymyq, u( a) + mi> 2(k+1 )(1=2) Zm
pu=1 t p=1

ﬁ (k+1)(1—2p) . k+1 2 o(k+1)(1-2p) -
= 32 pz< —my) >f )( ”Zm
p=1 pn=1

Since the term in the brackets above (-), is nonnegative, we get

Ldo h
Prti1 = ‘I)k+1,0+/ ’f*;;(a:)dt
0
ﬂ p
> g ({hy + 260 ) - D020 3 2
pn=1
k1 5 k1 )
> ®10({hu +Z211 me} 2211 2p) Zmi
p=1
k1 K - )
= Do1({hu+ ) 2"7)m, 221 1203 2,
=1 ot

where we used (3.59) recursively.
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Now we can estimate the last term, ®g 1 ({h, + St 2l1=20), 1) in the following way

k+1 P k+1
Oo1({hu+ Y 20 my}) = Eelog > exp(BY (hy + Z 2!(1=20)m, )€1 S)B.60)
=1 Se{-1,1} p=1
P k+1
= log2 + E¢ log cosh(8 Z(h“ + Z 2l1=20) . Y€1) (3.61)
pn=1 =1
where E¢ averages over the quenched patterns as usual.
Summarizing we have
P k+1 3 k+1 P
Jr41 2> 1log2 + E¢ log cosh (/3 Z(hﬂ + Z 2l(1=20) w)EH) — Z 2!l(1=2) Z mi. (3.62)
pn=1 =1 = p=1

which is enough to state the next

Theorem 3.2.5. (Mean Field Bound for Serial Retrieval) Given —1 <m, < +1,Vu=1,...,p
the following relation holds

p p
fB,{hyu},p) > {SUE} log 2 + E¢ log cosh (3 Z(h# + Cop1my,)EH) — §C2p—l Z mi ,
m =1 _

where the optimal order parameters are the solutions of the system

P
mt =Bt tanh (3 (hy + Copo1m”)E"),

v=1
that are the self-consistent equations of a standard Hopfield model with rescaled temperature

/802/)—1-

Again the critical temperature of the model with no external fields, separating the para-

magnetic phase from the retrieval one, can be obtained expanding for small {m*}, so to

get,
p
K= Ee[BCop 16" Y (€m")] + O(m2) = BCsp 1 + O(mH?) (3.63)
v=1
hence M = C’Q_pl_l. As previously outlined for the DHM, it is possible to assume -for the

k" level- two different classes of Mattis magnetizations mh: = = m{ and mt. .= m} such

right
that m* = m/ + m} and then check the stability of this potential parallel retrieval of two

patterns. Following this way we write
1 1
1 ({hy + (k1) (A=2p) 1y — 5(1)]1671({% 4 o DA=2p) ey Qq)%,l({hu + 2D (1=20) iy,
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Using the procedure developed in the previous analysis for both the elements of the sum and

using, starting from the k-th level, mf', as order parameters of o2 we obtain

k k
1 1
fror > 5(1)071({]1#+221(1—2p)mi¢_|_2(k+1)(1—2p)mu})+§¢071({hu+z2l(1—2p)mu
=1 =1
p k P 2 pN2
(k+1)(1—2p) o(k+1)(1-2p) B (1-2p) (mf)? + (my)
a0 03 - g3y i
p=1 =1 u=

Now, evaluating both the terms ®g; and taking the infinite volume limit we can finally state

the next

Theorem 3.2.6. (Mean Field Bound for Parallel Retrieval) Given —1 < m, < +1, Vu =
1,...,p the following relation holds

p
FB:Ahu}p) > sup [log 2 + E¢ log cosh(B Y _ (hy, + Cap1mf)e")
mH le

B +mb

P
+ [E¢log cosh(ﬂz (hy + Cop_1mb)EH) — —Cgp 1 Z 17117](3.65)
pn=1

2

representing the free energy of two effectively independent Hopfield models -one for each sub-
cluster (left and right), whose optimal order parameters fulfill

p
mh = Ee& tanh(8 Y " (hy + Cap-1mf 5)€")

v=1

and whose critical temperature is again ﬁé‘/m = C’Q_pl_l.

3.2.3 The not-mean-field scenario

Scope of the present Section is to bypass mean-field limitations and show that the outlined
scenario is robust. To this task, mirroring the previous analysis on DHM, here we provide an
improved (with respect to the mean-field counterpart) bound.

The idea underlying this non-mean-field bound is the same that we used in the DHM, exten-

sively explained in [40]. Let us start introducing the following

Definition 3.2.7. Let us take x > 0 -a real scalar parameter related to order parameter
fluctuations-, and t € [0, 1] -which allows the morphism between the tricky two body coupling
and the effective one-body interaction-, and let us introduce also the following interpolating
Hamiltonian

Hi1, = —tu(3) — (1 = 1)v(5) + Hy(01) + Hi(02) (3.66)
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P 2k+1 P 2k+1
u@d) = 2. 22p 9 . 92p(k+1) Z Zf f 0i0j + 2. 22p(k+1 Z Z § Ti — m“)(§ 95— m“) (3.67)
pu=1 1ij p=14,j=1
P 2k+1
> (z+1) n i n
v(d) = 920 lc+1 Z Z & oi —my) 5 o —my) + Z (& o —my)(& o5 —my))
p=1li,j=1 i,j=2k+1
2k+1

+ Zm“ (k+1)(1—2p) quaz (368)

The partition function and free energy associated to the Hamiltonian (3.66) are, respec-

tively,
P 2k+1
Zipra(w, {h}) = D exp(=B(Hiy14(5) + Z > o), (3.69)
@kﬂ,t(l’, {hu}) = 2k+1 i e log Zgya, t(x a{hu})- (3.70)
As usual we relate @10 with @ 1 as
14+ _
Doy 1,0(z; {hu}) = Pra( {hy +my 2007200, (3.71)

220 7
It is possible to show that the derivative of ®;; with respect to ¢ is

2k+1

d®
(’;:u (z,t) = LI Zexp B(Hp114(0) + Zh Zf 0:))(Bu(a) — pv(d))

2k+1 Zk+1,t -

p
_Bokena—2p) S 2

2

p=1
p

2(k+1 1+2p Z <(§£LU¢ - mu)(ffﬁj - m,u)> (3.72)

t
p=11<i<2k 2k 1< j<2k+1

and consequently

p
Jor1 = Ppy11(0,{h,}) = ¢k71(22p {hy + Bm,2 (k+1)(1— 2p)}) 9 (k+1)(1-2p) Zm
pn=1
+ C(k+1,8,p,{m,}) (3.73)

Iterating the procedure one arrives to:

k+1 k+1 k+1

p
ferr = 010> 27, {hy + Bmy, 22“1 2}) — 522” 20N "m2
=1 =1 =1
k+1 '
+ Y Cl.B.p, {mu}). (3.74)
=1
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Now we are going to neglect the fluctuation source, containing <(£Z“ o; — m“)(ﬁf o — mu)>t,
and that we indicate with C(k + 1,3, p, {m,}): at difference with before, while in the pure
ferromagnetic case Griffiths inequalities hold |61, 62| and ensure that such a term is positive
defined (thus allowing us to get the bound), in this context -as for neural networks Griffiths
theory have not yet been developed- we are left with an approximation only. Calculating the

value of @ ;, using the (3.69), (3.70) and (3.71) we get the following

Theorem 3.2.8. (Non-mean field approzimation for Serial retrieval) Given —1 < m,, < +1,

Yu=1,...,p the Serial NMF-approximation for the Hierarchical Hopfield model reads as

p
FNME(B, {hy},p) = sup [log2 + Eelog cosh(Y (R, + Bmy(Cap-1 — Cp))EH) — oy 5 2 Mi(Cap1 — Cop) |
m pn=1 ,u:1

representing an Hopfield model at rescaled temperature, with optimal order parameters fulfilling

p

mt = Ee&# tanh(8 > " (Bhy, + (Cop1 — Cap)m”)E")

v=1

and critical temperature ﬁNMF(Cgp,l — () = 1.

Again it is possible to generalize the serial retrieval, assuming two different families of
Mattis magnetizations ({miQ}z:l) for the two blocks of spin under the k-th level. Following
this way and using the NMF interpolating procedure for the two blocks we get

k+1

1 p k
fk-',—l({hy}, 3, p7p) = log2+ §E§ log cosh(Z(ﬁh“ + ﬁm‘f(z 2l(1—2p) _ Z 2l(—2p)) + ﬂmMQ(k—l-l)(l—Qp))g#)
pn=1 = =1

1 4 k k+1
+ iEglogcosh(Z Bhy, + Bmb 221(1 20) _ 221( 29 + Bmrok+1)(1-2p) )EH)
pu=1 =1 =1
k k+1 p 2 2 p
p 1(1-2p) 1(~2p) mi” +my o (k+1)(1-2)

e

+ Clk+1,8,p,{mu}) + 5> (CU B, p, Am}) +C(1, B, p, {m?}))

=1

| =

that, in the infinite volume limit, where the interactions between the two block vanish, and

partially neglecting again the correlations, brings to the following

Definition 3.2.9. (Non mean field approximation for Parallel retrieval) Given —1 < m,, <
+1, Vu = 1,...,p the Parrallel NMF-approzimation for the Hierarchical Hopfield model reads
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as
p

1
F(haB.p0) = sup {1082 + JEclogcosh | " (Bhy, + Bmi(Caop-1 = Csy)
My o n=1

1 P
+ §IE§ log cosh [Zl Bh, + Bmh (Cop—1 — 02[))}
w

B P m’f +m§
- 2<Czp-1—02p>;2}, (3.75)

e., the free energy of two independent Hopfield models for each of the two subgroups of spins,

with disentangled optimal order parameters satisfying

p
7'n’llj’72 = EEEM tanh(ﬂ Z(hy + (CQp—l - CQp)mlll,2§V)7
v=1

and critical temperature ﬁéVMF(Cgp_l —Cyy) = 1.

A last note of interest, regards the capacity of these networks: we have shown how it
is possible to recall simultaneously two patterns by spitting the system into two subgroups,
going down over the levels from the top and we have seen that, since the upper interaction
is vanishing with enough velocity, in the thermodynamic limit the two subgroups of neurons
can be thought of as independent: each one is governed by an Hopfield Hamiltonian and can
choose to recall one of the memorized patterns. Clearly we could use the same argument
iteratively and split the system in more sub-sub-clusters going down over the various levels.
Crucially, what is fundamental is that -at least- the sum of the upper levels of interactions
remains vanishing in the infinite volume limit. If we split the system M times, we have to use
different order parameters, for the magnetizations of the blocks, until the k — M level, where
the system is divided into 2™ subgroups. The procedure keeps working as far as

lim Z 2!l(1=20) Zm (3.76)

k—o0
l=k—M

Since the magnetizations are bounded, in the worst case we have

k D k
> 0w < p 3 20
I=k—M =1 I—k—
< p Z 2l(1=2p) o 9(1=2p)(k=M),, . (3.77)
l=k—M

if we want the system to handle up to p patterns, we need p different blocks of spins and then

= log(p). So for example if p = O(k), 20-2)(k=log®))y, 0 as k — oo.
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Conclusions
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In this thesis, starting from the mean field Hopfield model as the harmonic oscillator of
complex network able to retrieve, one at a time, patterns of information, I have discussed
about the needed for multitasking associative networks able to manage several patterns of
information at the same time and I have investigated the possibility to build them, approaching

the problem from a statistical mechanics perspective.

In Chapter 1 I recalled some interesting results about the standard Hopfield model, in
particular its equivalence with a bipartite mean field spin glass model, the first (dichotomic)
party representing spins and the second (gaussian) party involving patterns. I've shown how
such a kind of mapping can be useful for a rigourus investigation of the model, cause it
gives us the possibility to use well known results about the monopartite spin glass systems
like the Sherrington-Kirkpatrick and the Gaussian spin glass model. Moreover, from the
bipartite effective network it is possible to understand the key of the multiple patterns retrieval
mechanism, i.e. the existence of weakly interacting subcommunities of spins/neurons. I've
shown how these kind of communities can emerge in two different ways: introducing a suitable
level of dilution in the bipartite interactions (and consequently in the patterns entries), or by
going away from the mean field framework and introducing a different topology in such a way

that a non-uniform distance among spins emerges.

There are several future direction starting from this mapping because from a rigorous
perspective the Hopfield model is still considered a mathematical challenge. First of all the
results obtained in Chapter 1 have to be generalized beyond the replica symmetric approxima-
tion, i.e. if the free energy of the analogical Hopfield model can be written as a convex linear
combination of the SK and the Gaussian model also in the RSB framework. In this case,
since the Gaussian model was proven to be replica symmetric, the complexity of the Hopfield
model would be related only to that of the SK one, and this could be very interesting for
proving the existence of the Hopfield thermodynamic limit. Moreover all those results have
to be carried beyond the analogical (gaussian couplings) limitations.

In Chapter 2 I introduced the Diluted Hopfield model, investigating different regimes of
load (number of stored patterns) and dilution: from the low to the high storage regime, from
the fully connected to the finite connectivity regime. In particular, in the case when the
bipartite network is sparse,i.e. each spin has a finite degree, I’ve shown that in a large part
of the parameter space of noise, dilution and storage load, delimited by a critical surface, the
network behaves as an extensive parallel processor, retrieving all P patterns in parallel without

falling into spurious states due to pattern cross-talk and typical of the structural glassiness
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built into the network. In the final section I used a cavity/ belief propagation method including
also pattern asymmetry and heterogeneous dilution, leading to a significantly broader range
of network structures to which the theory can be applied.

The most interesting future directions regarding the Diluted Hopfield models come from
the applications of such a models to real biological system like the immune system. In particu-
lar one may think to generalize the dilution procedure allowing correlations between different
patterns or introducing a level of interaction among them: this would correspond to consider
bipartite systems with intra-party interactions too [27].

In Chapter 3 I investigated the statistical mechanics of hierarchical neural networks. First,
I approached these systems a la Mattis, by thinking at the Dyson model as a single-pattern
hierarchical neural network and I discussed the stability of equilibrium states different from
the ferromagnetic one. One step forward, I extended this scenario toward multiple stored
patterns by implementing the Hebb prescription for learning within the couplings, resulting
in an Hopfield-like networks constrained on a hierarchical topology. The main finding is that
embedding the Hebbian rule on a hierarchical topology allows the network to accomplish both
serial and parallel processing, depending on the level of fast noise affecting the system and
the decay of the interactions with the distance among neurons.

Hierarchical neural networks are a very recent argument and there are a lot of future
directions to follow. First of all these kind of results have to be linked and compared with the
standard Renormalization-Group approach to the problem of hierarchical topology, indeed,
the existence of stable states different from the ferromagnetic one in the Dyson model can
be related perhaps to the lack of self-average in the magnetization. Finally there are several
issues still not properly investigated, like for example the network’s capacity, i.e. the number
of patterns the system is able to retrieve at the same time, bacause up to now there are only

numerical results or partial hints coming from the interpolating procedure.
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Appendix A

The Gaussian SK model

Following [24], we introduce a system on N sites, whose generic configuration is defined by
spin variables z; € IR, ¢ = 1,2, ..., N attached on each site. We call the external quenched
disorder a set of N2 independent and identical distributed random variables Jij, defined for

each couple of sites (4, j). We assume each J;; to be a centered unit Gaussian NV (0, 1) i.e.
E(Jy) =0, E(J;) =1

We give to the z variables an a priori unit Gaussian distribution, du(z) = dp(z1)...du(zn),
1
dp(z) = (2m) 72 exp(—27/2).
Then, according to the interpolation needs explained in [25], we define the random parti-

tion function

1 < B N o A 2
ZN(ﬁ,Ja)\)Z/dM(Z)GXP[ ﬁzjijzizj—ﬁ(zzi) +§Zzi]' (A1)
0 i=1

=1

Here, in the first piece of the Boltzmannfaktor we have the usual long range spin-spin inter-
action of the mean field spin glass model at inverse temperature (3, extended to soft spins.
The second piece, arises in a very natural way during the interpolation procedure between
the analogical neural network and a couple of spin glasses, of dichotomic and soft nature,
respectively [25]. This terms acts as an efficient smooth cut-off, preventing any divergence of
the integral on soft spin at co. Notice that we have normalized the cut-off term so that in the
annealing procedure, characterized by EZy (3, J, \), where E are averages on the J variables,
the contribution from the first term is exactly cancelled by the second term. But we can

consider more general cases through a simple rescaling of the Gaussian variables. Finally,
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the parameter A is a Lagrangian multiplier, inserted for the sake of convenience, in order to
modify the scale of the soft spin, as it is sometime useful.

All the thermodynamic properties of the model are codified in the partition function, so
that we can introduce the (quenched average of the) free energy per site fy (), the Boltzmann
state wy and the auxiliary function Ax(3) (conventionally called the “pressure”), according

to the definition

—Bfn(B) = An(B) = N"'Elog Zn (8, J), (A.2)
9 N W

ws(0) = Z33! / Au(2)0(=) exp [~ BHN (=,0) — (00 27+ 5 3022, (A.3)
=1 =1

where O is a generic observable function of the z’s. In the notation w;, we have stressed the
dependence of the Boltzmann state on the external noise J, but, of course, there is also a
dependence on 5 and N.

Let us now introduce the important concept of replicas. Consider a generic number s of
independent copies of the system, characterized by the spin variables zi(l), . zi(s) distributed

according to the product state
Q= w(Jl) . .wgs), (A.4)

(o) (o),

where all wj; " act on each one z;’’s, and are subject to the same sample J of the external

noise. Finally, for a generic smooth function F (zfl), .. .zl-(s)) of the replicated spin variables,
we define the (.) average as
<F(z§”, . z§5>)> —EQ,(F(=Y, .. 29)). (A.5)

We also define the overlap ¢ between replicas:

N
_ 1 a_ b
Qyazb = N Zi %
=1

so that we can write

N N
Zy(a.00) = [ dutz)exp (6 N - 2 > 2+2225>7 (A.6)

=1

where K(2) is a family of centered gaussian random variables with covariances S, = E[K(2)K(2')] =
qzz, and the regularization term is just qugz = 1 i NSZZ Notice that the diagonal part of

N 2
the variance is not trivial, since ¢2, = W (>, 2%)"

96



A.1 Thermodynamic Limit

The aim of this section is to show how to get a rigorous control of the infinite volume limit of
the free energy fn (or similarly Ax). The main idea, inspired by [66], is to compare Ay, An,
and Ap,, with N = Nj 4+ Nj. For this purpose we consider both the original IV site system

and two independent subsystems made of by N; and Ns soft spins respectively, so to define

N
Zn(t) = fdu(z) exp 5\/ Z Jijzizj — (2212)2
sz i=1
Ny
11—t 3 2
ex ij%i%j -1 z;
o [y ; SRR
[1—t 32
exp | 8 N, Z Ji5%izj 1—t)4N( Z 22)?
=N;+1 2 =N+

exp ( Zz ) , (A.7)

with 0 <t < 1. The partition function Zy(¢) interpolates between the original N-spin model
(obtained for t = 1) and the two subsystems (of sizes N1 and N3, obtained for t = 0) equipped
with independent noises J’ and J”, both independent of J. Notice that the quartic term does
participate in the interpolation.

Now we follow the standard strategy, based on differentiation with respect to the inter-
polating parameter ¢, and witness an almost miraculous cancellation between terms coming
from the differentiation of the quartic interaction and the diagonal part of the spin glass

contribution. We omit the details, and state the following main result
Theorem A.1.1. The following super-additivity property holds

As it is very well known, the super-additivity property gives an immediate control of the

thermodynamic limit [94], and we can state the next

Theorem A.1.2. The thermodynamic limit for Ax(03,h) ezists and equals its sup, i.e.

Jim An(8, k) = A(G, k) = sup AN(B, h). (A.9)
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A.2 High Temperature behavior

We start to analyze our model characterizing the high temperature regime, at small 3. First

we define the annealed free energy of the model

1
—BfR(8.2) = AN (B, \) = 7 og BZn (8, ), ), (A-10)
that can be easily computed as in the following

Proposition A.2.1. For A\ < 1 the annealed free energy of the model in the thermodynamic

limit is well defined and coincides with
A . 4A 1

Proof. 1t is enough to notice that

]E]ZN:/ exp( Zz) (I—=A *%. (A.12)

This follows from the cancellation under annealing of the first term in the Boltzmannfaktor

with the second. In fact, we have

N
ﬁQ
E exp \/7 Z Jijzizj | = exp 4N Z z; = exp (4]\7(2 212)2 .
i=1

7] 1 ,] 1

Thus (A.11) follows from (A.10) and the proposition is proven. O

We define the high temperature regime as the region in the (3, A) plane where the quenched
free energy is equal to the annealed one. We already know that the annealed approximation
is an upper bound for the pressure, in fact a simple application of the Jensen inequality shows
that

—Elog Zn(B, N J) < %ngZN(ﬁ, A J) = AR (B, ). (A.13)

On the other side we have that
1 1
NElogZN(ﬁ,)\; J) > NElongv(ﬁ,)\;J), (A.14)

where Z\(8, A; J) is an auxiliary partition function in which diagonal terms of the spin-spin

interaction are neglected, i.e.

1 N /62 N )\ N
Zn(B, X ) = /du(Z) e NG Z Tizzg = QA+ 5D 4
it i=1 i=1
2 X W&
= /du(z) exp Z Jijzizj — Z 222)2 + 5 Z Z? ,
Z<j =1 =1
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where we have noted that %(Jij + Jj;) is a centered gaussian random variable N(0,1) that
we have simply denoted by J;;. Inequality (A.14) follows still from Jensen inequality on the

Ji; noises:

Elog Zn(8,X;J) = Eyj,Ey,log Zn(8, A; Jij, Jii)
> Ky, log Zn(B, A; Jij, By, [ Jia])

Note that the auxiliary partition function Z}, gives the same annealed approximation of Zy;

in fact we have the following

Proposition A.2.2. For A <1,

1 1
Jim log By Zy (8,4 J) = —5 log(1 = A) = A%(8,A). (A.15)
Proof.
N N
A 32
/ _ 2 4
EZy = /d,u(z)exp (2 2 zi — 4;4)
1 82\
= (1—A)—1§< \;l%e 2 I 4) , (A.16)

where the diagonal quartic term appears because it is not compensated in the annealing.

Now, putting By = %, we notice that the function in the integral

2
dz _1,2 B 4

e 27 TIN* A17
or (A.17)

tends to 1 uniformly for 0 < A < 1, when N grows to infinity, and so the integral. That

completes the proof. ]

Now, we can control the high temperature region of Z}, studying the fluctuations of the
random variable Z),/EZ},, according to the Borel-Cantelli lemma approach [30][98]. The

following lemma holds:
Lemma A.2.3. For B\ = % <1 we have

E(Z2 1
lim sup (Zy)

< .
R N
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The proof follows from a direct standard calculation along the line exploited in the case of
the Sherrington-Kirkpatrick model, and will not be reported here in detail for the sake of

conciseness. Lemma A.2.3 is a sufficient condition to state the following
Lemma A.2.4. In the region of the (6,\) plane defined by B\ < 1, i.e. <1 — A,
lim ilog Zn(B, N J) = lim ilogEz’ (B, M) = A3, \) (A.19)
N—oo N NAT 7 N—oo N NAT 7 T ’
J-almost surely.

In fact, by following a standard procedure, it is enough to consider that for a sequence
on non-negative random variables uy, normalized to Eup, for which the second momenta
are uniformly bounded Eu?\, < ¢, we have, by Borel-Cantelli lemma, that almost surely
limy_oo N"tloguy = 0. In our case, we have to define uy = Z}/E(Z}), and the rest
follows smoothly.

Thanks to inequalities (A.13) and (A.14), we have proven the following main

Theorem A.2.5. In the thermodynamic limit, J-almost surely, the free energy of the Gaussian

spin glass model does coincide with the annealed one
. 1 1
lim —log Zn (6, ;J) = —Bf(6, ) = — = log(1 — ), (A.20)
N—oco N 2
in the region of the (8,\) plane defined by f < 1 — \.

Therefore, by avoiding the diagonal terms in the interaction, which clearly do not suffer
to be annealed, we can have a control of the ergodic region, by exploiting the usual method
based on Borel-Cantelli lemma. However, a complete control of the ergodic region can be also

achieved by using the strategy developed in Section 5.

A.3 The replica symmetric form for the free energy

In this section we introduce the replica symmetric expression for the free energy density,
and give a sum rule connecting it with the true free energy together with an error term of
definite sign. For this purpose, we apply the well known interpolation scheme [64|[59][23](26]
to compare the original two-body interaction with a one-body interaction system. Concretely,

we define, for ¢ € [0,1] and a generic parameter ¢ > 0, which will be recognized after the
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optimization as the self-averaged overlap, the interpolating function

on(t) = yElog / dp(z) exp (M\/f/q —t—z )

N N
exp(ﬁx/l—t\/&ZJi’zi—(l—t qz )
i=1 =

P
exp (2 sz) . (A.21)

Here the external cavity fields on each site J; are i.i.d. unit Gaussian random variables, also
independent from all J;;. We encode in E the averages with respect to both J and J'. At
t = 1 the interpolating function (A.21) recovers the original system, while at ¢ = 0 it accounts

for a simpler factorized one-body model and we can easily get through a simple calculation
Lo,
o (0) = log(0) + 5 610”, (A.22)

with o = (1 — A+ ﬂ2q)_%. Therefore @y (t) fulfills the following boundary conditions:

en(1) = An(B,)),
en(0) = log((f)—l—%ﬁ?(j(fQ. (A.23)

Now we proceed according to the usual strategy, by evaluating the derivative with respect to
t, and then integrating in the interval [0,1]. We use the notation (.), = E€(.), where ()
is the replicated Boltzmann state according to the interpolating system appearing in (A.21).

By taking the ¢ derivative, we obtain

d 2 2
%@N(t) = %@2 - % (g2 — q_)2>t, (A.24)

and by integration:

Theorem A.3.1. For every g € Dgy = {cj eR":1—-\+p5%G> O} let us define the trial
function

i - Lo o B,

A, X, @) = log(0) + 55°q0" + -7, (A.25)
with o = (1 — XA 4 ﬂ2cj)_%. Then, VN and ¥q € Dgx, the quenched free energy of the mean
field gaussian spin glass model defined in (A.1) fulfills the sum rule

52 _
Moreover, ¥q € Dg », A(ﬁ, A, q) is an upper bound for AN(B, A) uniformly in N, i.e.
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Since the bound (A.27) is uniform in N, then it is true also in the thermodynamic limit. The
error term in (A.26) reduces to the overlap’s fluctuations around g. We can minimize this
error, or equivalently optimize the estimate in (A.27), by taking the value of ¢ that minimize

fl(ﬁ, A, ). For this purpose we state the following

Proposition A.3.2. The minimum for A(ﬂ, A, q), as a function of q, is reached at § =0 for
B <1— X\, while for 8> 1— X the minimum, is g = 2=

g2
Proof. We study fl(ﬁ, A, G) as a function of ¢2. A simple calculation gives
o - 10 - N 32
—AB NG =——AB,Nq)=—|1—- "7 ).
a7 (B,\,9) 5707 (B:2,9) =~ < A=t 7272

Therefore 8%221(@ A, §) is increasing, and A is a convex function of §2. At § = 0 we have that
9 x 3 3 3
— ABNP)gmo=—(1- —— | =5 (1-53).
aqg (ﬂa 4 )’qfO 4 < (1 _ )\)2 4 ( /BA)

Due to the convexity of A in ¢2, the minimum is achieved at ¢ = 0 for fy < 1 and at

q= w for By > 1, where the derivative has a zero. O

By combining the information of Theorem A.3.1 and Proposition A.3.2 we have the proof of
the following important result.

Theorem A.3.3. The replica symmetric expression for the free energy is well defined by the

following variational principle:

AR (B N) = nf A(B)q), (A.28)
q€Dga,A

where

i - 1o o B,
with o(B,\,q) defined in (A.25). The minimum is achieved at ¢ = 0 for 3 < 1 — X and at
q= W otherwise. Moreover the replica symmetric approximation is an upper bound for
A(B,N), in fact, uniformly in N,

AN(8,A) = —Bfn(8,)) < A58, N). (A.30)
Notice that at the optimal point q = 57(6127/\) we have fo? = 1.

For By < 1 the replica symmetric free energy reduces to the annealed one, that, accordingly
with Theorem A.2.4, coincides with the thermodynamic limit of the true free energy in such a
region. Note that § = ’Bffﬁ,l{)‘) is also the optimal value for A > 1, in fact 1 = A+ 3%2G=08>0
such that ¢ € Dg ) and the RS expression is well defined. In this case we see that § — oo

when 3 — 0.
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A.4 Fully Broken Replica Symmetry

The Gaussian model is unique, in that it allows to explicitly calculate the fully broken replica
symmetry trial functional, which should give an improvement on the replica symmetric bound
for the free energy density. As a matter of fact, as a consequence of an elementary sum rule,
it will be shown that the fully broken replica symmetry variational principle gives the same
result as the replica symmetric functional. Replica symmetry breaking is not realized in the
Gaussian case. We give some details about the procedure, since it can be generalized beyond
the simple model considered here, as for example in the case of the coupling of the Sherrington-
Kirkpatrick interaction with a neural network and a Gaussian spin glass, as shown in [25],
and work in preparation.

First of all we introduce the convex space X of functional order parameters x, as nonde-

creasing functions of the auxiliary variable ¢ in the [0, 1] interval, i.e.
X>z:[0,Q] >q¢— x(q) €10,1], (A.31)

We have to think x as connected at the end to the distribution function for the overlap. We
will consider the case of piecewise constant functional order parameters, characterized by an

integer K and two sequence of numbers, qg, q1,...,qx and m1, ..., mg, satisfying
O=q@<q...<qg=Q, 0<my...<mg <1, (A.32)

such that z(q) = m; for q € [gi—1,¢]. It is useful to define also my = 0 and mg11 = 1. The
replica symmetric case correspond to K = 2, ¢ = @, m; = 0 and my = 1, where overlap
self-averages around ¢; the case K = 3, with two possible value (¢; and ¢2) for the overlap,
is the first level of replica symmetry breaking, and so on. Now, following the interpolation
scheme in [65], we consider a generic piecewise constant = and we introduce the interpolating

partition function

) L P X
Zn(t; ) /d,u(z) exp ﬁ\/ﬁ Z Jijzizj — tﬁ(z 22)?
' i=1

ij=1

K N 520 &
xp (W S S =y B L zzz)
a=1 i=1 i=1

N WX ,
exp ﬁhZzi—|—§Zzi , (A.33)
i=1 i=1

where ¢ € [0,1]. Here we have introduced additional independent unit gaussian random

variables J%, a =1,...,K,i=1,...,N. Let us call E, the average with respect to all the
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random variables Ji*, i = 1,..., N and Eq the average with respect to all the J;;. We denote

with E the average with respect to all the J. Now we define recursively the random variables
- N a1
ZK:ZN; ZK_1 = (EKZ;?k)mk; R Z(): (]ElZ{”l)ml, (A34)

where each Z, depends only on the external noise J;; and on the Jib for b < a. Finally we

define the auxiliary interpolating function
1
pn(ta) = Eolog Zo(t; 2(q)), (A.35)

that is completely averaged out with respect of all the external noises. Notice that, at ¢t =1,
we recover the original An (03, A), while, at t = 0, we have a factorized expression in terms of
a solvable one body interaction problem. Thus, we have the possibility to find a sum rule for

the free energy in the fully broken replica case through

1
AN(B.N) = on(00) + [t on(. (4.30)

after calculating the ¢-derivative of ¢y (t,z). For this purpose we need some additional defi-
nitions. Let us introduce the random variables

Zme
fo=ggmo a=L. K (A.37)

and notice that they depend only on the Jf’ for b < a and they are normalized, Ef, = 1.
Moreover we consider the t-dependent state w associated to the Boltzmannfaktor defined in
(A.33) and its replicated Q2. A very important rule is played by the following states @,, with
a=1,...,K, and their replicated Q,, defined as

ox() =w(); Ga=EFas1.. . Ex(fast... fxw(.)). (A.38)

Finally we define the generalized (.), average as

(e =E(f1 - faa()): (A.39)

We now proceed exactly as in the Sherrington-Kirkpatrick case [65], and reach the following

Theorem A.4.1. The t-derivative of pn(t), defined in (A.35), is given by

d 32 & )
—oN(t) = — (Mat1 — Ma)qy
a N 4 azzl +1
5 &
e Z(maﬂ —my) <(Q12 - Qa)2>a- (A.40)
a=1
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Theorem A.4.2. In the thermodynamic limit, for every functional order parameter x of the
type (A.32), the following sum rule holds

9 K

p
AP = @(02) + 7 (mass —ma)a;
a=1
32 K 1 )
_ Z Z(ma+1 — ma)/o <(q12 — qa) >a dt, (A41)
a=1
and, consequently, we have the following bound for the free energy density:
# < )
—Bf(8,2) = A(B, ) < (0:2) + - ¥ _(mat1 = ma)g;- (A.42)
a=1

Clearly, Theorem A.4.2 follows from Theorem A.4.1 by taking into account (A.36) and noting
that the error term, containing overlap fluctuations around every gq,, has a definite sign.

Now we give the expression for ¢y (0;z), as in the following

Theorem A.4.3. For any choice of the piecewise functional order parameter x, the initial

condition N (0;z) is given by
on(0;z) =logo(Q) + f(0,0;z), (A.43)

where f(q,y;x) is the solution of the Parisi equation, i.e. the nonlinear anti-parabolic partial

differential equation

Ay f (g, y) + %(f”(q, y) +2(0)f*(q.v) =0, (A.44)
with final condition at ¢ = Q )
£(@u) = Lot @Q, (A.15)

and o(Q) = (1 =X+ 6262)_%, with the obvious restriction on Q to have a positive o(Q).

Proof. Since the Boltzmannfaktor factorizes at t = 0, we have that

N

_ 132 K N
Zy0ia) = [ dutz)ep (“f@ Zﬁ) exp <ﬁ2 Ve~ G szzi>
a=1 =1

i=1

N 32 K
— HO’(Q) exp <202(Q)(Z m%f)
=1 a=1

N K
= HU(Q) exp <f(Q, Z Vo — qa_ljf)> ) (A.46)

From the definition (A.35) of the interpolating function ¢ (¢; ), we note that, due to the 1/N
factor, we can evaluate the (A.46) on a single site only. The o(Q) goes to form the logo(Q)
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term and what remains is just the solution of the Parisi equation, evaluated at y = 0, and

propagated from ¢ = @ to ¢ = 0 through a series of gaussian integration as in [65]. [

Due to the Gaussian character of all integrations involved in this procedure, we can exactly
solve equation (A.44) with final condition (A.45) to find f(0,0;2) and so ¢n(0;2). In fact

we give the following
Lemma A.4.4. For any functional order parameter x € X, the solution of equation (A.44)
with final condition (A.45), evaluated at y =0 and g = 0 is given by

dq
1— 3202(Q) [\ x(¢')dq’

Q
£0.0:0) = 56°%0°(@Q) | (A7

Proof. We look for a solution of (A.44) of the form f(q,y) = a(q) + 1b(q)y?. Since f must
(Q). From

fulfill final condition (A.45), it has to be a(Q) = 0 and b(Q) = 3%0?

daf(q,y) + %(f”(q,y) +a(a)f*(a.y))

= () + bla) + 587 (F(0) + 2@ (a) (A9

we see that f(q,y) is a solution of (A.44) if a(q) and b(q) are solutions of the ordinary

differential equation system

@(q) + 3ha) = 0 (A.49)
V' (q) +z(q)b*(q) = 0, (A.50)

with final conditions a(Q) = 0 and b(Q) = 3%0%(Q). Integrating equation (A.50) we obtain

R (A51)
= — z(q")dq'. .
blg)  p*0*(Q)  Jq
Putting (A.51) into equation (A.49) and integrating, we have the proof. O

Finally, from the continuity of f(q,y;x) with respect to the choice of the functional order
parameter x (see [65], [63]) and noticing that

B S mass - may = - 2
> e - ma =500 5 [Pt (452

a=1

we can use Theorem A.4.2 for stating our first result
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Theorem A.4.5. The pressure of the mean field gaussian spin glass model is bounded by:

A(B,2) < inf A(B, X 2), (A.53)
with
A 1 Q dq
AB ) = 1 ~3%c?
(Bxa) = loza(Q)+ 550 [ ) T
2 2 Q
+ iQ2_g/() qu(q)dq. (A.54)

Moreover the infimum is attained exactly at the RS functional order parameter x = 0, 0 <

q< ¢ =G, x=1 elsewhere.

Proof. The bound is a direct consequence of all the results in this section. So we will focus

our attention only on its last part, that is
ARS(3,)) < inf A(B, \;2).
TEX

Let us notice that, without any loss of generality, we can assume () as large as we like, in

particular () > @, where g is the replica symmetric expression, with value g = b _(ﬁlQ_A) outside

of the ergodic region.. In fact, let us write A(ﬁ, A; x) in the following equivalent form

A 1 Q dq
AWA@)Zl%d@+2wA 1= A+ 82Q — 32 [2 a(q)dg’
9 2 rQ
+ in_z/o qx(q)dg. A5

If we take Q' > @, and define 2/(q) = z(q) for 0 < ¢ < Q, and 2'(q) = 1 for Q < ¢ < Q', we

can immediately check the equality
A, xa) = A(B, X ).

It is enough to split the integral fOQ/ dq in the definition of A(3, \; #') as a sum fOQ dq—l—fQQ/ dgq,
and take into account the definition of z’. Then we have the following sum rule, connect-
ing a generic broken replica trial A(ﬂ, A;x), with the optimal replica symmetric expression,

corresponding to z(q) =0 for 0 < ¢ < @, and z(q) =1 for ¢ < ¢ < Q,
A(B, ) = A(B, A7) + R,

with a nonnegative R. The proof is elementary, and can be easily obtained by splitting the
integral fOQ dg in the definition of A(3,\;x) as a sum foq dg + qu dg, and taking into
account the definition of Z. This shows that the replica symmetry breaking does not improve

the optimization. Of course the error term R becomes zero when z = Z. O
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The fact that symmetry breaking does not improve the result of the replica symmetric

expression has very far reaching consequences. In fact, we have the following main result

Theorem A.4.6. In the infinite volume limit the pressure of the mean field gaussian spin

glass model is given by its replica symmetric expression
A(B, ) = ARS(B,)\) < inf A(B,\; ), (A.56)
xe
where ARS(3, ) is defined in Theorem A.3.3.

Proof. We follow a very brilliant strategy developed by Talagrand (see for example Chap.
2.11 in [98]), in order to give the precise boundary of the replica symmetric region in the
Sherrington-Kirkpatrick mean field spin glass model. This strategy is based on the consid-
eration of two coupled replicas with a generic fixed overlap constraint. For the pressure of
the system with the two coupled replicas it is possible to develop broken replica symmetry
bounds, as a generalization of those introduced in [65]. The final result is that the boundary
region where replica symmetry holds is given by the occurence of a lowering of the pressure,
with respect to its replica symmetric value, for a trial order parameter of the type x(q) = 0
for 0 < ¢ < q, z(q) =m, for g < q <¢q, z(q) =1 for ¢ < q <1, where ¢ is the replica
symmetric overlap, and m, ¢ are suitable parameters, allowing to lower the pressure. In other
words, the absence of a one level replica symmetry breaking assures that we are in the replica
symmetric region. In our case, we can follow Talagrand procedure and conclude the validity
of the replica symmetric expression for the pressure, for any value of the involved parameters,
since we have already shown that there can be no lowering of the pressure by any symmetry
breaking Ansatz. Notice that this proof develops completely inside the general frame given by
the interpolation procedure, and the resultant broken replica symmetry bounds introduced in

165]. O

These results are in full agreement with those found by Ben Arous, Dembo and Guionnet
in [31], where they exploit the rotational symmetry of the model and employ a clever method

of large deviations, in a purely probabilistic setting.
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Appendix B

Free energy evaluation in the high

storage regime

In this appendix we calculate the free energy per spin of the system characterised by the
Hamiltonian (2.2), within the replica-symmetric (RS) ansatz, for the scaling regime P = aN.

Let us start by introducing the partition function Zn(3,¢) and the disorder-averaged free
energy f:

Zn(B€) = DN Rum Bl (B.1)
(o)
_ ) 1
fo= —A}gnooﬂiNlogZN(ﬁ?f)a (B.2)

where “= denotes averaging over the randomly generated {&!'}. If we use the replica identity
log Z = lim,_on 'log Z", and separate the contributions from the K condensed patterns

from those of the /N — K non-condensed ones we get

— —r N P n L a o
f = — lim lim 1 log E 03BN T Yy Y €€ 00§
N—»oon—>0,8nN
0-17...70'71

1 1 —r . P o
= g2~ i Tim oo (o3 DN S (2 o

Xe%mvffziﬂzz:l(zilﬁfo?>2> . (B.3)
ol..on
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We compute the non-condensed contributions first, using the standard tool of Gaussian lin-

carisation, and the usual short-hands Dz = (27)~Y/2e"**/2dz and Dz = [["_, Dza:

a=1

P-K
= — AN, (DN, ) _ [eéﬂNTEZﬂ(ZfV:l&U?)Q]

- P-K
= /Dz eVBN-T/2 0 2 YL, &'C’?}

~ | [pe

—

Il
—

" P-K
<1—cN77+cN*'Y cosh(y/BN /2 Z af‘za))]

% a=1

= /Dz

—

" P-K
[1+ %ﬁcN*“’*T ( az::l af‘za)Q + (’)(N277)}]

=1
P-K

= -/DZ e2ﬂCN T G- | Zazp Y1l Of E+O(N1_2T_W):| : (B.4)

Now it is evident, as in our earlier calculations, that the correct scaling for large N requires
choosing 7 = 1 — 7. For the correction term in the exponent this gives O(N'72777) =

O(NY~1), which is indeed vanishing since v < 1. We now arrive at
= = eXP{(P—K)log/DZ R qLO(N%l)} (B.5)

We next introduce n? parameters {g,s} and their conjugates {g,s}, by inserting partitions

of unity:

N
1 o an d(ja i Aa o 1 .a'?"o'p‘
1:r£/dqaﬁ ‘“‘-’aﬂN;f’w?)=/[r£%ﬂ/ﬂe””“<“ R (B)

Substituting (B.6) into (B.5) gives the contribution to the partition function of non-condensed

patterns:
= - / [ [0t o S dostss (P10 kg [ e AP R0 =1 2000 Lo (N )
— - « (03
af
N A
The contribution from condensed pattern, see (B.3), is
e%,@N“/*l D<K 23:1(2?;155‘7?) /Dm VBNO= 1)/22 <K2a 121 1&fof ma7 (B.8)

with m = {mh} € R™X. If we rescale mh — ¢/BN1=7/2mk this becomes

< 2ﬁN1 v n /2/dme lgC2N1 7m2+ﬂCZM<KZa 121 1 Eod ma‘ (Bg)
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Inserting (B.7,B.9) into (B.3) gives the following expression for the free energy per spin:

= K/2 2 aarl—
f = —ElogZ— lim {ﬁN log(c"BN""7)

+ 7111111 ﬁnN log [ dm [ quagdqag]

" N [iZa,ﬁ doplapt 5 log [Dz e2Pe G 5 z”‘qaﬁzﬁféﬁcQNﬂmﬂ
e

N
<11 <eﬁczu§K Tam&ofma—iXa g "?‘?af}a?'> 1 } (B.10)
o ol

i=1 i
The number of order parameters being integrated over is of order K, so corrections to the
saddle-point contribution will be of order O(K log N/N). To proceed via steepest descent we
must therefore impose K < N/log N. Since also the energy term N =7 )" U<K m? should be of
order one, as well as the individual components of m, the only natural choice is K = O(N7).

Under this scaling condition we then find

r 1
F o= -glos2- Jim lim et ggf(m. {0.0)) B.11)
with
~ ) ) 1 N
f(ma {CL Q}) = 1ZQa[3Qaﬁ —+ a]og /DZ ezﬁcza”@:l ZaqapB?B __ 2N’y Z Z m/"I%_D) 12
Oévﬁ o— 1NSK
+(log (s Tim @0 mbi a0 iaae? ) ) (B.13)
0-1, onl ¢

Now we can use the replica symmetry ansatz, and demand that the relevant saddle-point is

of the form
. 2
Ml =, = dap 4 bag).  dap = O [Rigy 4 r(1-dag) (B4)
From now on we will denote m = (m?',...,m®) and & = (¢!,...,6K). After some simple

algebra we can take the limit n — 0, and find that our free energy simplifies to

ﬁ?RS = ]\}EIlooeXtrm,q,r fRS(m,q,T) (B'15)
with
R 1 2
fus(m.g.r) = —log2+ gar(AP(1-0) + fom? - § (Tt ~ losl1~e(1-0))

—< /Dz log cosh[Bc(m - € + ,z\/@)]>5 (B.16)
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Appendix C

Finite connectivity: Replica approach

C.1 Simple limits

Here we work out the theory in some simple limits, which can be worked out independently,

to test more complicated stages of our general calculation:

e The paramagnetic state at 5 = O:

él_)moﬂf = —A}Enooili%—log an_ log 2. (C.1)

The conditioned overlap distribution at G = 0 would be

alN
1 1 TdO M AN N g
P(MIY) = —— lim — _ 49 Mo o 6y, &0,
(M) = prgy QN;M’ Vu) /ﬂzwe ge

~ lim / " 49 ar (1+ %[cos(qﬁ)—l])N

N—o0
_ d¢ 1M¢+c[cos —e € dqb 1M¢ 1¢>o’
B / 2" Zk' / Jo=
k>0
e F
= ¢ ZH<6M7EZ§kUk>U1...Uk:ﬂ:1' (C2)
£>0

e The case of external fields only:
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This simply corresponds to removing the M 5 terms, and gives
1 aN i
B H li 1 ( B > 02 Yuél )
i, Jim s o LL( 2 e
(10%

1 1
- e it e 0 (55 )
pn<lalN

|
I

dhdh
2

1 1 " =
= —BlogQ — lim lim ﬂlog/ el cosh™(3h) e 2 <an Yul?

N—ocon—0 On

= —lioe2— tim tim 21 ]/dhdh ihh }ﬂ%ﬁh)i% (L+fi[ (hap y—1D
= 3 og N i og 5 € cos i wy lcos(hy,
1 1 dhdh ; : ;
- 1002 — lim —1 ihh h” ac [dyp P(y)[cos(hp)—1]
3 og lim n og/ 5 © oS (Bh)e
_ 1 S dhdh s faw Pa)fcostin)—1] 2
= _ﬁIOgQ_rILIL% n log/ o © : {1—|—n10gcosh(ﬁh)+(9(n )}
1 1
= "3 log2 — 3 /dh W (h)log cosh(Bh), (C.3)
with the effective field distribution
W(h) = /dh eifthracfdzp P(%)[cos(hip)—1]
27
_ —ac (ac)k di]’ ihh 7
= e Z o /[HP(W)dW} /%e Hcos(hwg)
k>0 1<k 1<k
_  —ac (Oéc)k/ /dil (= gy, Ve00)
= ) k! [HP(W)(WK o N ><71...ak:i1
k>0 <k
e lac)®
= e o|lh — o . C4

C.2 Normalization of F(w)

In this appendix we derive equation (2.90). It follows from

i dmdm - 4 - dmdm - 2 n
/dw cos(w-o) = /m melmmcos(m) dwe_lmw'az/ m melmmcos(m)[%csin(fnﬂ)}

27 _7r 2

= /dm O(m+1) +0(m—1) [% Sin(ﬁ”m)}n =0, (C.5)

—T

2
where we isolated o - w via 1 = (27) ! [dmdr ™™ =%0 and used
dw e 1MW o _ H/ dw,, o 1MWaoa _ H (2/ dwg, cos(mwaaa)>
T a=1 0
Sr2 2 n
= H ( @ Sin(ﬁm’aa)) = [TC Sin(mﬂ')} . (C.6)
m

m
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C.3 Continuous RS phase transitions via route 1

Here we derive the equation for the continuous phase transitions in the absence of external
fields, i.e. for P(y) = d(¢), away from the solution (2.115). At the transition, the the function
Dy (w|B), which we will denote simply as D(w|f3), still satisfies (2.91). Continuous bifurcations

away from (2.115) can be identified via a functional moment expansion. We transform
m(w) — cos(w) + A(w), (C.7)

with fr.({m1,...,m}) = [r{AL, ..., AY), W[{r}] — W[{A}], and W[{A}] = 0 as soon as
[dw A(w) # 0 (because [dwm(w) = 1), and A\(B]W) — A(@|W). We expand our equations
in powers of the functional moments g(wi,...,w,) = [{dA} W[{A}A(w1)...A(w,). One
assumes that close to the transition there exists some small € such that o(wi,...,w,) =
O(€™). If the lowest bifurcating is of order €!, we obtain, upon multiplying (2.105) by A and

subsequently integrating over A:

ow) = /{dA}A(w)/)\HWV Ha[ ) + cos(w) — cos(w—0)

= /;9 AB|W)[cos(w—0) — cos(w)] = cos(w) /;ﬁ AOW)[cosf—1], (C.8)

where we used the invariance under § — —60 of

5\(9’[/'[7) — Z 1m9+0a2k>0 — JTIb, [{dAé}W[{AIH]{COS[marCtanfk({Ah SARP]-1} (C.9)

meZ

The solution of (C.8) is clearly o(w) = ¢ cos(w), with
o= / AO|W)[cos(h) — 1], (C.10)

which we need to evaluate further by expanding 5\(9|W) for small €. Conversely, if the lowest

2

bifurcating order is € one must focus on

o(wi,wa) = /{dA} A(wl)A(wg)/ NCliia) H(S[ ) — cos(w )—cos(w—@)}

= cos(wy) cos(wa) /d@ MO|W)[cos(h) —1]% + sin(wl)sin(wg)/dg)\(ﬂW) sin?(6).

(C.11)
We first inspect (C.10). Transforming each 7y in (2.114) according to (C.7), we have

k
[[7e(w)
=1

Ag(w)
cos(w)

k
[cos(w)+Ay(w)] = cos®(w) [1—|—Z

/=1 /=1

Ew

| +o@?). (12
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Inserting this result into (2.114), and using the properties (2.91), allows us to expand f({A1, ..., Ag}):

Zlgzl J7_ dw sin(w) cos* 1 (w)Ay(w)D(w|B)

I _dw cosk+1(w)D(w|B) +0(A?), (C.13)

fe{AL, .. A} =

We substitute the above into (C.9) and expand cos(m arctan(z)) = 1— 3m2z%+ O(z*). Upon

introducing
k k T
7, - / IT [aanwian)[> / dw sin(w) cost 1 () Ay (@) D(w|B)] ", (C.14)
=1 s=17-T
A = /_ dw cos* 1 (w)D(w|B), (C.15)
we see that Zj, = O(€2), so we can now expand A(A|W) as
- T
AOW) = T%:Zexp {1m9 - — 22 i A]; + 0(64)}
. ca ¢k T,
) %;zelma[ “am Z Kl AI; o)
= 2m8(0) + mac 8" () k:! % + O(eh). (C.16)
k>0 k
Next we need to work out the factors Zy. Using the functional moment definition o(w1,...,w;) =
[{dA} W{A}A(w1) - .. A(w,), one may write
k k
JTLHEADTHAN] 3 A @)
(=1 r,s=1
= 3 [ WHAAA + 3 [ 1A ) WHAITHAA )AL
r#s
= kol ")+ k(k — 1)o(w)o(w"). (€.17)

This allows us to work out (C.14) further:

™

Iy = k:/ dw'dw” sin(w') cos®H(w')D(w'|3) sin(w”) cos* (") D(W"|8)p (v, ")

—Tr

+k(k—1) [/W do’ sin(w) cos* L (W) D(W'|B) (W) ’

-7
s

= k/ dw'dw” D('|8)D(w"|3) sin(w’) cos* (w1 (', w") sin(w") cost 1 (W"(.18)

where in the last equality we have used the symmetry of D(w|3) and p(w) = ¢cos(w). In-

serting this last expression in (C.16) and shifting the summation index k — k + 1 then leads
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to

AOW) = 218(0) + mac®s”(0)S({o}) + O(e*), (C.19)
e=cck [ dw'dw” D(W'|3)D(W"|3) sin(w') cos® (w') o(w’, w") sin(w”) cos® (w”
Seh) = % : J2x (w'|8)D(w"[B) sin(w’) cos™ (w') o( : ) sin(w”) ((U.2O)
k>0 [ffﬂdw D(w|B) cosk+2(w)

To make further progress we need to calculate o(w’,w”). We can first simplify (C.11) using

(C.10), giving
o(wi,we) = ¢'sin(wy)sin(ws) — (2¢ + ¢') cos(wy) cos(wa), (C.21)

where we defined

¢ = g A(O|W) sin?(). (C.22)

—Tr

With this we can simplify (C.20) to

o—cck U dw D(w|B) sin?(w )COSk(W)}2

Se)) = ¢/ ° o

o M [ D) cosk2(w)]

(C.23)

Together with (C.19), this allows us to established equations from which to solve the two
amplitudes ¢ and ¢', by substitution into (C.10) and (C.22). This results in, after intergation
by parts over 6:

1

6 = acS({e) [ a8 cos(®)~U8"(6) + O!) = ~Jac*S({e) + O)

2

o—Cck [f dw D(w|B) sin?(w )cosk(w)]

- — a ¢ + O(eh (C.24)
kz>o ! {ffﬂdw D(w|B) (308’“2(4*;)}2
o = jacS(ied) [ a0 sid(0)"(0) + O
—cck [f dw D(w|B) sin?(w )cosk(z,u)]2
= ac’y Z I + O(e). (C.25)

= [ 7 dw D(w]|3) cosk+2(w)] i

Since ¢’ = 0 immediately implies that ¢ = 0, the only possible continuous bifurcation must
be the first instance where ¢’ # 0. According to the above equation this O(€?) bifurcation

happens when

J7 dwsin®(w) cos* (w) D (w|B) ?
1—ac2kz>0 k! [ J7_dw cosk 2 (w) D (w|B) ] ’ (C-26)
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with D(w|B) = 27) 'Y, cx cos(mw)eP™*/2¢. Equation (C.26) defines the transition point,
where the system will leave the state (2.115). The right-hand side of (C.26) obeys limg_,o RHS =
0. In C.7 we show that limg_,., RHS = ac?, so a transition at finite temperature T, = 8.1 > 0
exists to a new state with W[{r}] # [, d[r(w) — cos(w)] as soon as ac® > 1. The critical

temperature becomes zero when ac? = 1.

C.4 Saddle point equations in terms of L(o)

Here we derive equation (2.134), starting from the definition (2.128) and relation (2.129):

Lo) = ac f:rdw cos(w-o)Q(w) > M WM+ | X (Ma )
[T dw Q(w) Y- pg e MHLax(Mat) .

_ [dw cos(w - o) gy QM) 3 @@ MM+, x(Mav) o
e fdw ZM’ Q(M/) ZM eiw'(M*M/)+Za X(Mouw) : :

We can then work out the integrals

™ : / ]. 7r H 3 ; /
/ dw cos(w . o,)elw-(MfM) — 2/ dw (elw-0+elw-a)ezw-(M7M)
= 7(0m Mto + oM M-0), (C.28)

and substituting into (C.27) gives

1 >oM {Q(M%—a)eﬂza X(Ma ) 4 Q(M—g)eﬁZa X(Ma,w)}
Lie) = -ac _
< Sy Q(M)eXa x(Mav) >w

! M QM) [eﬁz"‘ X(Ma=0®%) 4 B3 q X(Ma+0'a7’¢')j|
= gac S QM) eXa X(Mas¥)
Y P

_ Bn ZMQ(M)eﬁZaX(M“’w) cosh[ﬂ(%l\/[ o4y, 0%
ca <e 2¢ S M) e x(a D) d). (C.29)

C.5 Simple limits to test the replica theory

Here we inspect several simple limits to test our results for the overlap distribution and the

free energy.

e Infinite temperature:

Using limg g L(0) = acand 3 3 Q(M) = ¢ in (2.135) we immediately find the correct
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free energy
hm ﬂfRSB =— hm {logz } = —log2. (C.30)

Moreover, from (2.133) we can extract

lim Q( ) = / dw COS(w . M) eC 2—n Zo- COS((J)-O')

B—0 (271')”
- Z k|2_nk Z / dwn COS HCOS w - 0'
k=0 <k
- Z E 27t Z M3, O° Z % H <5Mavzzzgk U£>01---0k:(3gl~31)
k>0 k>0 a=1

Hence, it now follows from (2.136) that

k
- ZMGZL" Zk>0 % HZ 1< Ma,3 "<k, 0’@>0'1---Uk::|:1 5M,Mw

1
lim P(M|¢) = lim —
£5—0 n—»On’Y:l ZMG%" Zk>0 <6Ma72z<k0£>‘71 op==1
k
e &
= ¢ kzk! <5M2e<k<fz>01 op==%1- (C.32)
>0

This coincide with our RS expression, as it should since at high temperature the RS

ansatz is exact.

e External fields only:

In the case of having only external fields we simply remove all terms that come from

the interaction energy in (C.29), obtaining
L(o) = ac (cosh [BY > 0a])y. (C.33)

Inserting this into (2.133), and introducing the normalised measure

\ e0c (cosh[BY >~ oal)y C .34
)= S g €0 (oo S oty (€39
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we get

e (2m)"
— é " dw ele(Z)\<a)e—1w 0')
k) (2m)n
k>0 o
M dw oM i
= - e! Aoy) e WD i<k O
| n Z H
k>0 K Jx (27T) 01..0 [6:1 }

- Yoy [Hwe}émzegm (C.35)

k>0 01..0, (=1

This then gives for the free energy, upon removing the interaction energy:

frsp = —hm—{ <1og ZQ ﬁwZaMa>

n—0
MeZ™

4 logzeacKcoSh[ﬁw Yaoal)y—1] _ O‘CZ o) (cosh[B Z aa]m}
g o

k
- i fo(s[ L5 Y [TTMe0)] 3 e, e S])

(4

k>0 0,.0, (=1 MezZ™
+logzeac[<coSh[ﬁw Zavelv=t _ g S )\(a)@osh[ngaa]m}
g o

k k
=t g {e(los [Z 5 (A=) )
k>0 o
tlog $ evelleoshlBv Saoalv 1 00 7 A(o) (cosh[By 3 gam}}
g g a
= — 711126 Bln{ac< Z Ao)elV 2a "‘“>w —ac
g
n logzeacKmsh[ﬂw Saoalvtl — ey Ao)(cosh[8y Y %Dw}
g o
= — hi% —n{acz Ao cosh[ﬂwz:aa]w —ac
T log Z cacllcoshl8 S oal)y—1] _ o0 Z A(@) (cosh[Bu Y oal)s

- —hm—{logZeac foosh(% o ael)s 11, (C.36)

n—0 BTL

where in the penultimate step we used A\(o) = A(—0o). We next use the following replica

identity, which is proved via Taylor expansion of even non-negative analytical functions
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F(z) that have F/(0) = 1:

L - F®)(0) , dk
7l}_}nﬁn Hog <F(Z Ua)>0'1...an=:|:1 = Z T <d— log cosh(z )) - (C.37)
a=1 k>0
Application to the function F(z) = exp[ac(cosh[Bvz])y, — ac] gives
- 1 e~ ac 1, d* dk 0
_ : ac({cosh(Byz
e+ B i)
i 1/ d* dk ’
= —= p z_)() Z o (d— log cosh(z )) L (cosh(Bz))y,
>0
1, d da*

— = _ B Zr OrZr
B ﬁ >0 E' xz-»()z k! (d log cosh(x )) dzk<<€ = Jr..pe)or..op=1

1 1 dk
N _B 10 /()) KZ; 14 << Z k! (:lIE)% @ log COSh ) (ﬂ;mﬂﬁr) > ¢4>0’1...0'g::|:1
- 1 h r¥r

J6] = E' << 0§ €08 (ﬁ%a ¥ >>¢1...we>al...oe::l:1

1 1
= 73 log2 — 3 /dh W (h)log cosh(Bh), (C.38)

with

Wiy = el (- Svel), ) e
k>0 <k

This recovers correctly the solution of external fields only.

C.6 Derivation of RS equations via route II

The RS ansatz converts the saddle point equation (2.134) into

/dh W(h)ehEace — eﬁn/2c<< /{dw}W[n] 11 (Z,ﬂ.(M)eﬁ(M2/26+¢M+T(7/)+M/C)Ua))>

M

_ eﬁn/2c<< /{dﬂ}wm (%:W(M)GB(M2/2c+wM+T(w+M/C )
>

z[)>‘r:i1

n—i—Zo—a

1

y <Z ( M)eﬂ(MQ/zcwaT(wM/c))) O DS >¢>T:i1

M
ZM (M)e? B(M? /2c+1/JM+T(1/)+M/c)));ZaUa> >
) P/ r==+1
(
(

_ .bBn/2c
- /{CZW}W[7r S (M) PO 2e b M—r(y+M]ec

o fan e (| [iampvieia- b vog (SUTUDSEETIE I )
(C.40)
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We conclude after sending n — 0 that

Wi = (( famwia s [h—log(é’i %; Zﬁﬁfﬂfﬁ)bﬁ<El41>

W (h) is indeed symmetric. Next we turn to equation (2.133), where we require quantities of

the form

Z cos(w - o)eH9) = Zcos(w co)ee dn W (h)ePhxa oo (C.42)

(o)

In fact we will need only the ratio p(w)/0(0). We note that

0o0) = 2"y (O‘]j)k / dhs . ..dhk[HW(hk)] cosh™ <BZhg> = (2ctOM) | ((C43)

k>0 ) <k <k

We can hence write the RS version of our first saddle-point equation as follows, using W (h) =

W(—=h):

T T - T = e ¢ " _dw cos(w - ace” X TOM o(w)
Jtamwial I s | o costeo )

— e ctO Zk'/ dw — cos(w - M)<cos(w o )ec A Wl are— 1]>l;_
k>0 —n(
—c n F " d iw-(tM— T ac e a”g—
- - )go %<< /_7r (27‘:;”@“}( M [Ug)e Zoes Jan vt " 1}>o'1‘..0'k>7',7'1..‘7'k=i1
— e_c+(')(”) kz>0 Ck]je_a6k<ea025<k Jdh W (h)efh 2o a 5M,Ze§k U'Z>O'1,..O'k-
—c+0O(n) i —ac M / BhY,, o4 "
et kZZO [ krzzo 7l << dh W(h)ée ' ) 6M’ZeSkU[>al...ak
k r
—eeron S Ceer S O L an[[Iwen] 3 TS0, 0),,
k>0 r>0 s<r 01..4.<k a k

k T sz haoiss >

_ ,—c+O(n) § € —ack § : (OZC) E < Mad 1<k 9t/ 010

= k;'e T! /dhl - dhr[HW(hS)} H { <eﬁZs§7‘ hso'es> : :
k>0 r>0 s<r l1..4,.<k « 01...0%

:/{dﬂ}(l;h(Ma> —c+<9n)zk' —ackz (ac) / ...th[HW(hs)} Z

k>0 s<r l1..4,.<k
/st<r 50135
<e - MaZegk UZ>01...0k
< [[6 |=(M) - R : (C.44)
M 01...0%
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We thus conclude that for n — 0 the following equation for Wr| solves our saddle-point

problem:
k r 00
Win] = ™) ek Y (‘fl) / dnyan [ TIw o] >0
k>0 r>0 o s<r 01..6-<k
<eBZs§r hso'ﬂs 6Mvzé<k G£>Ul~--0k
xlj‘;[d (M) — ey .(C.45)

01...0%

Everything is properly normalised, and if W(h) = W(—h) the measure W{n] is seen to
permit only real-valued distributions (M) such that 7(M) € [0,00) and 7(—M) = 7 (M) for
all M € 7Z.

C.7 Continuous RS phase transitions via route II

Here we work with the order parameter equation that is written in terms of W (h) only, i.e.
(2.140), and look for phase transitions in the absence of external fields. For P(¢)) = §(¢) we

must solve W (h) from

o0

W) e—cz‘;e—ackz(O;j)r/oodhl...dhr[HW(hs)] 3

k>0 >0 ) - s<r £1..0.<k

1
20

<eﬁ(Z[§kTZ)2/2C+B(Ze§k72)7/c+ﬁ ZSST hsTog >
log

><<5 h— T k=l >T_(C.46)

<e6(2e§k’f€)2/20—5(2e§k72)7/6+5 Ps<r PsTes > =+1

T1..Tp==%1

Clearly W (h) = 6(h) solves this equation for any temperature. Due to W (h) = W (—h), we
will always have [dh W (h)h = 0, so the first bifurcation away from W (h) = §(h) is expected
to be in the second moment. We write h = ey, with 0 < ¢ < 1, and expand in powers of e.

Upon setting W (h) = ¢ W (h/€) we have

W(y) = e° Z Z]ze_mk Z (O;C!)T /—Zdyl ... dyy [ H W(ys)] Z

k>0 r>0 s<r l1..4,.<k

<eﬁ(Zengl)2/2C+/3(Ze§k7'l)7/c+66 ngr YsTes >
log

><<5 y— Tk =l >T(c.47)

Tﬂe <eﬁ(2z§k72)2/20—ﬁ(255k7'€)T/C+f3€2557» ysT€s> =+1

T1...Tk::|:1
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Next we expand the logarithm in the last line. To leading orders in € we obtain

<65(Zzgk7'l)2/20+5(zzngé)T/C [1 + BeS

lOg ( ) o IOg s<r ysT£5]>T1...Tk::t1
) B o<k Te)?/2¢=B(X o< Te)T/C
2[3¢ 20¢ <e ek’ <k [1 + ﬁﬁ ngr YsTe ]>7-1...7—k::t1
5(Zz<k‘re)2/26+ﬁ(2;g<k7g)‘F/C>
Tts®© - - T]eoTp=
1 +/3€Zs<r y5< 5 1. Tp==%1
1 < <eﬂ(21§k‘re) /26+5(2g§k7z)7/0> »
2,86 08 <7'Z eﬁ(ZZSkW)Q/QC—B(Zznge)T/C>
1 +ﬂ€z y S 1. Tp=E1
s<r IS <e/5(22§kTe)2/26—ﬁ(2zgk‘rz)7'/c>
T, Tp==%1

<TZ eﬁ(Zzngf)Q/QC+5(Ze§kT£)T/C> <Tg eﬁ(zengZ)Q/QC—ﬁ(Zenge)T/C>
- = ° Tk s T1..-Tk
9 Z Ys <eﬁ(zegk7—f)2/20+B(ZZ§kTZ)7/C> <eB(Ze§kTZ)2/20*B(ZgSkTZ)T/C>

s<r T1...Tk 1Tk

_ [Dz tanh(z\/B/c+B/c) cosh*(2+/B/c+B/c)
B szs{ [Dz cosh®(z\/B/c+pB/c) } (C.48)

Hence our order parameter equation (C.47) becomes

_ %Zk' oack - (o . / ay -y [ [V w)] 3

k>0 r>0 s<r 01..0,.<k

[Dz tanh(z\/B/c+B/c) cosh*(2+/B/c+B/c)
><<(5 y—vas{ [De co (=)ot 6/ } >:igc.49)

The first potential type of bifurcation away from W (h) = §(h) would have [dh W (h)h =
e [dy W (y)y = em1 # 0. However, we see that mutiplying both sides of (C.49) by y, followed

s<r

by integration, immediately gives m; = 0. Thus, as expected, a bifurcation leading to a
function W (h) with [dh W (h)h # 0 is impossible.

Any continous bifurcation will consequently have [dh W(h)h = 0 and [dh W (h)h* =
e [dy W (y)y? = e2my # 0. Multiplication of equation (C.49) by 32, followed by integration

over y gives

B _Czk' —ackz (ac) /_dyl dyr[HW(ys)] >

k>0 s<r l1..4,<k

[Dz tanh(z\/B/c+B/c) cosh*(2+/B/c+B/c) ?
X Zy§< { fDZ coshk(zm+ﬁ/c) } >7'::|:1' (C.50)

s<r

So now we get a bifurcation when

o _.¢" | Dz tanh( zv/B/c+B/c) cosh* L (2\/B/c+B/c)
1 = ac Ze { Dz cosh (21 /Bjet/c) } . (C.h1)

k>0
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We note that the right-hand side of (C.51) obeys limg_o RHS = 0 and limg_o, RHS = ac?.
Hence a transition at finite temperature T.(c, ¢) > 0 exists to a new state with W (h) # 6(h)
as soon as ac? > 1. The critical temperature becomes zero when ac? = 1, so To(a, 1/y/a) = 0
for all @ > 0. For large ¢, using tanhz = z + O(23) and coshz = 1 + 22 /2, valid for small z,
we have T, = \/a.

C.8 Coincidence of the two formulae for the transition line

In order to prove that the two expressions (C.51) and (C.26) for the RS transition line are
identical, as they should be, we show that

firﬂdw sing(w) COSk(w)D(w‘ﬁ) 2 _ sz tanh(2m+ﬁ/c) COShk+1 (zm+ﬁ/0) 2 (C 52)
J7 dw coskt2(w)D(wl|p) JDz cosh™ ! (z/B/c+B/c) .

where Dz = (27‘1’)_1/26_22/2 dz. We can rewrite the argument of the curly brackets on the

right-hand side, which we will denote as A, as

4 - [Dz sinh(z+/B/c+3/c) cosh®(z\/B/c+B/c)
[Dz cosh**1(2\/B/c+6/c)
IDZ Tt 1e(z\/m478/0)24<k+174>

IDZ (Z\/ [etB/¢) > o<kt Té)

T Te+1==%1

TL. Te41==%1
<Tk+le(ﬂ/20)(253k+1 70)?+(B/) X p<kin T€>T1...Tk+1::|:1

<e(ﬁ/20)(2g§k+1 T¢)2+(8/c) Z£§k+1 Tl> ’

Tl Te+1==%1

(C.53)

where we have carried out the Gaussian integrations. Next we insert 1 =, .z 0pr S e T

and write the Kronecker delta in integral form. This gives

ZM e(B/2¢) YM2+(8/c) Mf dw elUJM<7—k;+1e W <pp1 T£>

Y Mex e(8/2c)M24(B/c) M f_ﬂdw eWM<e_1WZz§k+1 )

T1.Te41==%1

T1.‘.Tk+1::|:1

Y e €P2OMEH(B/OM [T dw e“M cos®(w) sin(w) g
- ! ZMe%e(ﬁ/Qc)MQ—i—(,@/C)Mfjﬂdw eiwM coght1(y) (C.54)

By completing the square, ), e(B/2OM* +(B/e)M — o=B/(2c) oM e(B/20(M+1)? " ghifting the

summation index M — M — 1, and using the symmetry properties (2.91) of D(w|3) at zero
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fields, we finally get

ZM /QCMQf dw e“M=1) cosk (w) sin(w)

4 = > e %6(6/26)M2f dw ew(=1) coght1(y)

f dw D(w|B) cos®(w) sin(w)[cos(w) —isin(w)]
J7 dw D(w|B) cosh*1(w)[cos(w) —isin(w)]

_f_ﬂdw D(w|pB) cos®(w) sin?(w)
ST dw D(w|3) cosk+2(w)

)

which proves (C.52).
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Appendix D

Selection of a state

While we have shown that, in the thermodynamic limit, the (intensive) energies associated to
the two states that we used as example (the ferromagnetic and the mixture states) do coincide,
thus thermodynamically the metastable state is not forbidden (while its weight is negligible
w.r.t. the ferromagnetic scenario, and the system must be trapped opportunely with external
fields in its basin to keep it in the large k limit), we still have to face the following addressable
question: Let us consider the mixture state and approach the critical region from the ergodic
scenario: the two clusters differ in magnetization, one has mj; > 0 and the other m; < 0 and
there is the just the upper (hence weakest) link connecting them. Maybe that one cluster
acts on the other playing as an external field in mean-field schemes, thus selecting the phase
/reversing the other cluster magnetization sign), which would result in destruction of mixture
states? Aim of this note is to show that this is not the case.

The way we pave to prove this statement is the following: at first we will address this question
within the more familiar mean-field perspective (namely considering the Curie-Weiss model),
then we will enlarge the observation stemmed in that example toward bipartite ferromagnetic
systems and we will show that they continue holding. As a last step to obtain the result, we
will compare the Dyson model (whose spins are locked in a mixture state) with a bipartite

ferromagnet so to enlarge to the present model the stability argument.

Under the critical temperature systems of spins whose dynamics is no longer ergodic have
an equilibrium state (in the thermodynamic limit) that can be a mixture of several pure
states. Each of these states has its own basin of attraction in the sense that the system will
reach one of them, according with its initial configuration. As far as ferromagnetic systems

are concerned, adding a suitable external field, it is possible to select one of this pure states,
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) = (m2)?)

Figure D.1: Analysis of the susceptibility of the system, defined as X = (m?) — (m)?2, versus
the noise level T = B~!, for various sizes (as reported in the legend) and p = 0.99. Left
panel: X (T') for the pure state. Right panel: X (T") for the mixture state. Note that, while
in the ferromagnetic (pure) case all the cuspids are on the same noise level whatever k, this
is not the case for the mixture state because such a state is metastable as the difference in
the energy AE among the two states scales as oc 1/N2°~! hence only for k — oo the mixture

state becomes stable and its cuspid happens at the same noise level of the pure counterpart.

i.e. the dynamics is forced into one of the attractors. Now we can ask when an external field
is able to select a state or not. Consider a Glauber dynamics for a ferromagnetic system of

N spins at zero temperature:
oi(t+1) =sgn(hi(S(t)) + hn). (D.1)

For example we can keep in mind the case of the CW model where h;(S(t), the field acting
on the i-th spin is the magnetization m(S(t)) = %Zf\; oi(t). In that case each initial
configuration for which |hy| > |h;(S?)| will follow the external field. In general (if for example
|hy| < 1) there will always exist initial configuration (|hy| < |hi(S°)|) that do not feel
the influence of the external field, but, if we choose the initial configuration randomly and

accordingly to Py (S°), we can say that the field hy selects the state if

Pn(S°: |hy| > |hi(SO)]) Y= 1. (D.2)
On the contrary we will say that the field will not select the state if

Pn(SY: |hy| < |ha(S%)]) V=2 1. (D.3)
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In what follow we will consider Py (S°) = [IX, p(¢?), with p(S) uniform in {—1,1}. For the

CW model we can state the following

Theorem D.0.1. In the CW model, where h;(S) = m(S) = % Ef\;l o, Ve >0,

_ 1
N3(1-9
1
N3 (+e)

hy : |hn| > selects the state;

hy : lhn| < does not select the state.

For what concerns the first statement we note that, if |hy| > N1<11 )
3 —€

1
Py (SY: |hy| > [hi(S°)]) = 1—Pn (S°:|hi(S%)] > |hn|) > 1— Py (SO :m(S%)] > N1(1_6)>
2

> 1— N'"Ey[m2(S%)] =1- N =1, (D.4)
where we used Chebyshev inequality and the fact that Ex[m?(S°)] = &. For the second

N

statement we note that, since |hy| < —/-—,
Nz (1+e)

1
0. a0 0. 0
PN(S : ’hN| > |h1(5 )|) < Py <S : \m(S )’ < Né(1+5)>

= P (S5 VAR < 1 )

1 N—oo
< — 0, D.5
—  HAN(0,1) (\Z\ N2> - (D.5)

where we just used the fact that the variable v Nm(S%) = ﬁ ZZ]\L 1 SY satysfies the CLT and

tends in distribution to a N'(0,1) gaussian variable.

We can repeat the same analysis in a mean field bipartite ferromagnetic model where the
interaction inside the parties (modulated by Ji1 and Ji2) and the ones among the parties
(modulated by Ji2) have different couplings. In that case we can ask in which case Ji3 is able
to select the state where the two parties are aligned and not independent. If we consider for

example a spin in the first party we have for the Glauber dynamics
oi(t+ 1) =sgn(hi(S(t)) + hy) = sgn(Jiim1(S(t)) + Jiama(S(t))), (D.6)

i.e. we can repeat the same argument of the CW model identifying the field sent by the
second party (proportional to the magnetization ma(S)) as the external field. Thus, using
the analogous version of the previous theorem, we see that Jis is able to select the state only
if

1
N%(l—e) ’

J12(N)|m2(50)’ > (D.7)
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with probability 1. Since for the CLT |m2(SY)| is O(V/N) with probability one, vanishing J;2
will not be able to select the totally magnetized state: in that case the system behaves exactly
as two non interacting CW subsystems. Oversimplifying along this line, namely assuming a
mean-field scenario for the inner blocks, the Dyson model could be considered from this point
of view as a generalization of a bipartite model. In fact if we divide the system into two
subgroups of spins we have that the external field (representing the last level of interaction)
is proportional to J(N)my(S), while the internal field is a sum of contributions coming from
all the submagnetizations. Since J(N) = N!=%’ is vanishing in the thermodynamic limit,
the two subgroups behave as they were non interacting: this may puzzle about the phase
transition as the system -when not trapped within the pure state- crossing the critical line (in
the /3, p plane) moves from an ergodic region -where the global magnetization is zero- toward
a mixture state where again is zero. However, regarding the latter, the two sub-clusters have
not-zero magnetizations and even in this case, crossing the line returns in a canonical phase
transition. To give further proof of this delicate way of breaking ergodicity, we show further

results from extensive Monte Carlo runs that confirm our scenario and are reported in Fig.

D.
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